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Abstract. In this paper, we generalise the first Klein-Maskit combi- 
nation theorem to discrete groups of Mobius transformations in higher 
dimensions. As a simple application of the main theorem, some exam- 
ples will be constructed. 



1. Introduction 

In the theory of classical Kleinian groups, there are theorems called the 
combination theorems which give methods to generate new Kleinian groups 
as amalgamated free products or HNN extensions of Kleinian groups. The 
prototype of such theorems is Klein's combination theorem which can be 
rephrased as follows in the modern terms: 

Theorem 1.1. (Klein [iSjj Let Gi and G2 C PSL2C be two finitely gen- 
erated Kleinian groups with non-empty regions of discontinuity, and let Di 
and D2 be fundamental domains for Gi and G2 of their regions of discon- 
tinuity respectively. Suppose that the interior of D2 contains the frontier 
and the exterior of Di and that the interior of Di contains the frontier and 
the exterior of D2. Then the group {Gi,G2) generated by Gi and G2 in 
PSL2C is a Kleinian group isomorphic to G\ *G2 with non-empty region of 
discontinuity and D = Di f] D2 is a fundamental domain for the region of 
discontinuity of {Gi , G2) ■ 



Fenchel-Nielsen, in [13], gave a generalisation of Klein's theorem to amal- 
gamated free products and HNN extensions for Fuchsian groups. In a series 
of papers, Maskit considered to generalise Klein's theorem for amalgamated 
free products and HNN extensions for Kleinian groups (|17j-[22]). Thurston 
gave an interpretation of the combination theorem using three-dimensional 
hyperbolic geometry and harmonic maps. For applications of the combina- 
tion theorems, we refer the reader to [U IH |8l [13], [I6l [23| [33]. 
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Among these, the first Maskit combination theorem says that under some 
conditions two Kleinian groups Gi , G2 wliose intersection J is geometrically 
finite generate a Kleinian group isomorphic to the free product of Gi and 
G2 amalgamated over J and also under the same conditions the resulting 
group is geometrically finite if and only if both Gi and G2 are geometrically 
finite. 

The purpose of the present paper is to generalise this first Maskit combi- 
nation theorem to discrete groups of Mobius transformations of dimension 
greater than 2. A first pioneering attempt to generalise Maskit's combina- 
tion theorems to higher dimensions was made by Apanasov [6l [7] . In partic- 
ular he showed that under the same assumptions as Maskit combined with 
some extra conditions, one can get a discrete group which is an amalgamated 
free product of two discrete groups of n-dimensional Mobius transformations. 
In this paper, we shall show that a generalisation of Maskit's theorem holds 
in higher dimensions without any such additional assumptions, imposing 
only natural ones. Our theorem also includes the equivalence of geometric 
finiteness of the given two groups and that of the group obtained by the 
combination. It should be noted that in this paper, we say that a Kleinian 
group is geometrically finite when the e-neighbourhood of its convex core 
has finite volume for some e > 0, and that we do not assume that it has a 
finite-sided fundamental polyhedron. For more details about these Kleinian 
groups of higher dimensions, we refer the reader to [12\ [25l [26l [271 EHI and 
the references therein. 

Our main result (Theorem 14. 2p and its proof will appear in §4. 

This is the first of a series in which we shall discuss generalisations and 
applications of Klein-Maskit combination theorem in higher dimensions. A 
generalisation of the second Klein-Maskit combination theorem, which cor- 
responds to HNN extensions, to the case of discrete groups of Mobius trans- 
formations in higher dimensions and applications of these two combination 
theorems will be given in forthcoming papers. 



2. Preliminaries 

2.1. Basics on Mobius transformations. For n > 2, we denote by M" 
the one-point compactification of M" obtained by adding 00. The group of 
orientation-preserving Mobius transformations of M" is denoted by M(M"), 
with which we endow the compact-open topology. We regard as the 
boundary at infinity of the hyperbolic (n -|- l)-space IHI"+^ which is identi- 
fied with the open unit ball bounded by M". We denote the union of H""^^ 
and endowed with the natural topology by B""*"^. Any Mobius trans- 
formation of M" is extended to a Mobius transformation of B""*""^, which 
induces an isometry of H""*"^. When it is more convenient, we regard H"^^ 
as the upper half-space of the (n -|- l)-dimensional Euclidean space and 
as {(xi, . . . , Xn, 0)} in R"'"'"^. A non-trivial element g G M(]R") is called 

(1) loxodromic if it has two fixed points in M" and none in H"^"*^; 
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(2) parabolic if it has only one fixed point in M" and none in H""*""^; 

(3) elliptic if it has a fixed point in H""''^. 

For a discrete group G of M(]R") and a point z S EI"+^ or x E M", the 
sets G{z) = {g{z)\g G G} C BI"+i and G{x) = {g{x)\g G G} C 1" are called 
G-orbits of z and x respectively. If z' lies in the G-orbit of z, then we say 
that z' and z are G-equivalent. 

2.2. Limit sets, regions of discontinuity and fundamental sets. The 

limit set A(G) of a discrete group G C Af (M") is defined as follows: 

A(G) = G(i) nt" 

for some z £ H"'*'^, where the overline denotes the closure in M"'^^ = M^^^ U 
M" and G{z) the G-orbit of z. We call points of A(G) limit points. The 
complement il(G) = M" \ A(G) is called the region of discontinuity of G. 
The following is a well-known fact. 

Lemma 2.1. Lei G be a discrete subgroup of Af(]R"). If B C M" is a 
closed and G-invariant subset containing at least two points, then A(G) is 
contained in B. 

A discrete group G C Af(]R") is said to act discontinuously at a point 
X £ M"" if there is a neighbourhood U of x such that {g' G G|(7(f7) H [/ 7^ 0} is 
a finite set. The group G acts discontinuously at every point of il(G), and 
at no point of A(G). 

The complement of the fixed points of elliptic elements in f2(G) is called 
the free regular set, and is denoted by °Q{G). When °^l(G) 7^ 0, a funda- 
mental set of G is a set which contains one representative of each orbit G{y) 
of y £°n{G). It is obvious that °n{G) 7^ if and only if Q(G) ^ 0. 

We have the following lemmata for the limit points. These lemmata in 
the classical case when n = 2 can be found in Theorems II. D. 2 and II. D. 5 
in Maskit |21j. Although the argument is quite parallel, we give their proofs 
for completeness. 

Lemma 2.2. Let x be a limit point of a discrete subgroup G in M(M"). Then 
there are a limit point y of G and a sequence {gm} of distinct elements of G 
such that gm converges to the constant map to x uniformly on any compact 
subset o/M"+^ \ {y}. 

Proof. Since x is a limit point, there are a point z G H""*"^ and a sequence 
{gm} of distinct elements of G such that gm{z) — > x. Regard W^~^^ as 
the upper half-space. Let (zi,--- be the coordinate of z, with 

Zn+i > 0. Consider the point z' = (zi,--- , Zn, —Zn+i) in the lower half- 
space. The actions of Mobius transformations can be extended to the lower 
half-space conformally. Then obviously, we have gm{z') x. 

By conjugation, we can assume that G acts on B"^^ with IntB""^^ = H"'"'"^, 
that z = 0, and that StabG(O) = StabG(oo) = {id}. Then z' = 00; hence we 
have gm{oo) — > x. By taking a subsequence we can make 5^^(00) converge 
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to some limit point y. Since gm maps the outside of its isometric sphere 
onto the interior of that of , the radii of the isometric spheres of gm and 
which are equal, converge to as m ^ oo, and the centre gm{oo) of 
the isometric sphere of g^^ converges to x. On the other hand, the centre of 
the isometric sphere of gm, which is 5~^(oo) converges to y. This completes 
the proof. □ 

Lemma 2.3. Let {gm} be a sequence of distinct elements of a discrete group 
G C M(]R"). Then there are a subsequence of {gm} <ind limit points x,y 
of G, which may coincide, such that gm converges to the constant map x 
uniformly on any compact subset o/M""^^ \ {y}. 

Proof. We may assume that G acts on B""*"^ with IntB""*"^ identified with 
H"'"'"-^, and that StabG'(oo) = {id}. By taking a subsequence if necessary, we 
have two limit points x and y such that gm{oo) — > x and g^^{oo) y. The 
conclusion now follows from the proof of Lemma 12.21 □ 

We shall use the following term frequently. 

Definition 2.1. Let H he a subgroup of a discrete subgroup G of M(]R"'). 
An subset V of M" is said to be precisely invariant under i7 in G if h(y) = V 
for all /i G if and g{V) nV = 9 foi all g £ G - H. 

For ^1{G), we have the following proposition: refer to Proposition ILE.4 
in Maskit [2.1J or Theorem 5.3.12 in Beardon [8]. 

Proposition 2.4. Suppose that ^}(G) is not empty. Then a point x G M" 
is contained in ^}{G) if and only if 

(1) the stabiliser StabG(a;) = {g G G\g{x) = x} of x in G is finite, and 

(2) there is a neighbourhood U of x in which is precisely invariant 
under StabG'(x) in G. 

Definition 2.2. A fundamental domain for a discrete group G of M(]R") 
with non-empty region of discontinuity is an open subset D of ^}{G) satis- 
fying the following. 

(1) D is precisely invariant under the trivial subgroup in G. 

(2) For every z £ ^(G), there is an element g £ G such that g{z) is 
contained in D, where D denotes the closure of D in R". 

(3) FrD, the frontier of D in R", consists of limit points of G, and 
a finite or countable collection of codimension-1 compact smooth 
submanifolds with boundary, whose boundary is contained in ^}{G) 
except for a subset with (n — l)-dimensional Lebesgue measure 0. 
The intersection of each submanifold with ^}{G) is called a side of 
D. 

(4) For any side o" of D, there are another side a' of D, which may 
coincide with a, and a nontrivial element g € G such that g{S) = S'. 
Such an element g is called the side-pairing transformation from a 
to a'. 
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(5) If {am} is a sequence of distinct sides of D, then the diameter of am 
with respect to the ordinary spherical metric on goes to 0. 

(6) For any compact subset K of 0,(G), there are only finitely many 
translates of D that intersect K. 

A fundamental set F for a discrete subgroup G of M(M"') whose interior 
is a fundamental domain is called a constrained fundamental set. 

2.3. Normal forms. Let Gi and G2 be two subgroups of M(]R"), and J a 
subgroup of Gi n G2. 

A normal form is a word consisting of alternate products of elements of 
Gi — J and those of G2 — J- Two normal forms gn - ■ ■ 9k9k-i ■ ■ ■ Qi and 
ffn ■ ■ ■ {9kj){j~^9k-i) ' " 91 are said to be equivalent for any j G J. The word 
length of the normal form is simply called the length. The length is invariant 
under the equivalence relation. 

A normal form is called a 1-form if the last letter is contained in Gi — J, 
and a 2-form otherwise. More specifically a normal form is called an {m, k)- 
form if the last letter is contained in Gm — J and the first letter is contained 
in Gk — J- 

The multiplication of two normal forms is defined to be the concatenation 
of two words which is contracted to the minimum length by the equivalence 
defined above. The product of two normal forms is equivalent to either a 
normal form or to an element of J. 

It is obvious that any element of the free product of Gi and G2 amalga- 
mated over J, which is denoted by Gi *j G2, either is an element of J or 
can be expressed in a normal form, and that there is a one-to-one correspon- 
dence between Gi *j G2 and the union of J and the set of the equivalence 
classes of normal forms. Also it is easy to see that this correspondence is an 
isomorphism with respect to the multiplication defined above. 

Let {Gi,G2) denote the subgroup of M(]R") generated by Gi and G2. 
There is a natural homomorphism ^ : Gi *j G2 ^ (Gi, G2) which is defined 
by $(5n ■■■51) = 9n o ■ ■ ■ o gi for a normal form gn ■ ■ ■ gi representing an 
element of Gi *jG2, and = j for j € J. It is easy to see that this is well 
defined and independent of a choice of a representative of the equivalence 
class. The map is obviously an epimorphism. 

If <I> is an isomorphism, then we write (Gi,G2) = Gi *j G2 identifying 
elements of Gi *j G2 and their images by 

Since J is embedded in (^1,^2), each nontrivial element in the kernel of 
$ can be written in a normal form. 

Lemma 2.5. (Gi,G2) = Gi *j G2 if and only if ^ maps no non-trivial 
normal forms to the identity. 

2.4. Interactive pairs. Following Maskit, we shall define interactive pairs 
as follows. 
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Let Gi and G2 be two discrete subgroups of M(M") and J a subgroup of 
GinG2 as in the previous subsection. Let Xi, X2 be disjoint non-empty sub- 
sets of M". The pair (Xi, X2) is said to be an interactive pair (for Gi, G2, J) 
when 

(1) each of Xi,X2 is invariant under J, 

(2) every element of Gi — J sends Xi into X2, 

(3) and every element of G2 — J sends X2 into Xi. 

An interactive pair is said to be proper if there is a point in Xi which is not 
contained in a G2-orbit of any point of X2, or there is a point in X2 which 
is not contained in a Gi-orbit of any point of Xi. 

Lemma 2.6. (Lemma VII. A.9 in [2T]J Suppose that {Xi,X2) is an inter- 
active pair for Gi,G2,J- Let g = gn'-'di be an {m, k)-form. Then we 
have ^{g){Xk) C X^-m- Furthermore if {Xi, X2) is proper and g has length 
greater than 1, then the inclusion is proper. 

The existence of a proper interactive pair forces $ to be isomorphic. (The- 
orem VII. A.W in Maskit [21] in the case when n = 2.) 

Theorem 2.7. Let Gi, G2, J be as above and suppose that there is a proper 
interactive pair for Gi, G2, J. Then {Gi, G2) = Gi *j G2. 

This easily follows from Lemmata 12.51 and 12.61 

The following is a straightforward generalisation of Theorem VILA. 12 in 
Maskit [21J . 

Lemma 2.8. Suppose that {Xi,X2) is an interactive pair for Gi,G2,J. 
Suppose moreover that there is a fundamental set Dm for Gm for m = 1,2 
such that Gm{Dm n X3_„) C Xs^rn- Then D = {Di D X2) U {D2 D Xi) 
is precisely invariant under {id} in G = (^1,^2). Furthermore, if D is 
non-empty, then ^ is isomorphic. 

Proof. What we shall show is that for any x £ D and any non-trivial element 
g £ Gi *j G2, we have ^{g){x) D. Since this holds trivially for the case 
when D is empty, we assume that D is non-empty. We assume that x is 
contained in Di n X2. The case when x lies in D2 H Xi can be dealt with in 
the same way. 

If g is a non-trivial element in J, then g{x) lies in X2 since X2 is J- 
invariant. On the other hand, since Di is a fundamental set, we have g{x) 
Di. These imply that g{x) ^ D. 

Now we shall consider the case when g is represented in a normal form. 

Claim 1. li g = gnQn-i •••91 is an m-form (m = 1 or 2), then ^{g){x) £ 

^3— m \ Dm- 

Proof. We shall prove this claim by induction. 

We first consider the case when n = 1. Suppose first that g is an element 
in Gi — J. Then ^(g)(x) € X2 by assumption, whereas ^{g){x) Di since 
Di is a fundamental set of Gi. Therefore ^{g){x) is not contained in D in 
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this case. Suppose next that g is in G2 — J. Then ^{g){x) lies in Xi since the 
assumption that {Xi,X2) is an interactive pair implies <I>(g)(X2) C X\. We 
shall show that (^{g){x) does not lie in D2. Suppose, seeking a contradiction, 
that <^{g){x) lies in D2. Then since $(5"^) is contained in G2 — J and 
<^{g){x) G n D2, by assumption, we have x = ^{g~'^)(^{g){x) lies in Xi. 
This contradicts the assumption that x lies in X2. 

Now, we assume that our claim holds in the case when g has length n — 1, 
and suppose that g has length n. We consider the case when (7 is a (3 — m)- 
form. The case when g is an m-form can also be dealt with in the same 
way. Since <I>(g'„_i • • • gi){x) G X^^m \ Dm by the assumption of induction, 
we have ^{g){x) £ g'„(X3_„ \ Dm) C Xm- 

Suppose that ^{g){x) lies in D^^m- Then we have (t{g){x) € X.^ H 
L>3_m. This implies that ^{gn-i ■ ■ ■ gi){x) G 9n^{Xm n Ds-m) C X^- This 
is a contradiction. Thus we have shown that ^{g){x) is contained in Xm \ 

Ds-m- □ 

By what we have proved above, if D / 0, then for any g £ Gi*jG2 — {id} , 
we have ^{g){D) n D = 0. This in particular shows that ^{g) 7^ id. Then 
Lemma 12.51 shows that G = Gi *j G2- □ 

Remark 2.1. Maskit called a fundamental set Dm for Gm maximal with 
respective to Xm (which is precisely invariant under J in Gm) if Dm n Xm 
is a fundamental set for the action of J on Xm, and in Theorem VILA. 12 
in [21], the fundamental sets Di, D2 were assumed to be maximal. Also the 
proof of the theorem above shows that the assumption of maximality is in 
fact redundant. 

In Maskit [21], the following sufficient condition for two open balls to be 
an interactive pair is given. 

Proposition 2.9 (Proposition VII. A. 6 in [21]). Let Gm C M{W^) [m = 
1,2) be two discrete groups with a common subgroup J and S C M" be an 
(n — l)-sphere bounding two open balls Xi and X2. If each Xm is precisely 
invariant under J in Gm , then {Xi , X2 ) is an interactive pair. 

2.5. Convex cores and geometric finiteness. 

Definition 2.3. Let G be a discrete subgroup of M(]R") and A(G) its limit 
set. We denote by Hull(A(G)), the minimal convex set of IHI"^"^ containing 
all geodesies whose endpoints lie on A(G). This set is evidently G-invariant, 
and its quotient Hull(G)/G is called the convex core of G, and is denoted by 
Core(G). The group G is said to be geometrically finite if there exists e > 
such that the e-neighbourhood of Core(G) in M^^^ /G has finite volume. 

As we shall see below, Bowditch proved in [TO] that this condition is equiv- 
alent to other reasonable definitions of geometric finiteness, except for the 
one that W^~^^ /G has a finite-sided fundamental polyhedron, whose equiva- 
lence to the above condition has not been known until now. 
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2.6. Euclidean isometries. The classification of discrete groups of Eu- 
clidean isometries is known as Bieberbach's theorem (see |32] or [24], for 
example). 

Theorem 2.10. (Bieberbach) Let G be a discrete group of Euclidean isome- 
tries o/M". Then the following hold. 

(1) IfW^/G is compact, then there is a normal subgroup G* <Z G of finite 
index consisting only of Euclidean translations, which is isomorphic 
to a free abelian group of rank n. 

(2) IfW-fG is not compact, then there exists a normal subgroup G* C G 
of finite index in G which is a free abelian group of rank k with 
< /c < n - 1. 

By taking conjugates of G and G* with respect to an isometry ofW^, the 
groups can be made to have the following properties. 

Decompose M" into x W^~^ , where M.^ is identified with M.'^ x {0} C M" 
and with {0} x C M". Let g{x) = U{x) + a be an arbitrary 

element of G, where U is a rotation and a is an element ofW^. Then the 
rotation U leaves and M"~^ invariant and the vector a lies in the subspace 
M'^. Furthermore, if g lies in G* , then U acts on M'^ trivially. 

In the following we always identify the factors of the decomposition M" = 
^ j^n-k ^^^Y^ ^k X {0} and {0} x M'^"^. 

Definition 2.4. For a discrete subgroup G of Euclidean isometries, we 
define G* to be a free abelian normal subgroup of G which is maximal 
among those having the property in Theorem 12.101 

2.7. Extended horoballs, peak domains and standard parabolic re- 
gions. A point x of A(G) of a discrete group G of Mobius transformations 
is called a parabolic fixed point if StabG(x) contains parabolic elements. An 
easy argument shows that StabG(x) cannot contain a loxodromic element 
then. For a parabolic fixed point z, a horoball in B""*"^ touching M" at z is 
invariant under StabG(z). In the case when StabG(2;) has rank less than n, 
it is useful to consider a domain larger than a horoball as follows. 

Definition 2.5. Let G be a discrete subgroup of M(]R"). Let z be a point 
of which is not a loxodromic fixed point. Let Stabg(z) be the maximal 
free abelian subgroup as in Definition 12.41 of the stabilizer StabG'(-2) of z in 
G. Suppose that the rank of StabQ(z) is k with k < n — 1. Then there is a 
closed subset Bz C B"""*"^ invariant under StabG(z) which is in the form 

n+l 

B, = h-^{x G B"+i| ^ 

i=k+l 

where t (> 0) is a constant and h £ M(]R") is a Mobius transformation such 
that h{z) = oo. We call Bz an extended horoball of G around z. 
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Definition 2.6. Let Ti, • • • , Tm be subsets of R"" and Ji, • " " i <An subgroups 
of the group G C M(W^). We say that (Ti, • • • ,Tm) is precisely invariant 
under (Ji, • • • , Jm) in G, if each is precisely invariant under Jk in G, and 
if for i ^ j and all g £ G, we have ^(Tj) n Tj = 0. 

Definition 2.7. A peak domain of a discrete group G of M(]R") with non- 
empty region of discontinuity at the parabolic fixed point z £ R" is an open 
subset Uz C M" such that 

(1) Uz is precisely invariant under StabcC-z) in G. 

(2) there exist a t > 0, and a transformation h £ M(]R") with h{z) = oo 
such that 

n 

{x G R"| Xi^ >t} = h{Uz), 

i=k+l 

where k = rankStab^(z), 1 < k < n — 1. 

Definition 2.8. If G has an extended horoball B around z, then the interior 
of its intersection with M" is a peak domain. Following Bowditch [TO], we 
use the term standard parabolic region at z to mean an extended horoball 
when the rank of Stabciz) is less than n, and a horoball when the rank of 
Stabciz) is n. 

Definition 2.9. A point z € fixed by a parabolic element of a discrete 
group G C Af (M") is said to be a parabolic vertex of G if one of the following 
conditions is satisfied. 

(1) The subgroup Stab^(^;) has rank n. 

(2) There exists a peak domain Uz at the point z. 

Remark 2.2. It is easy to see that the two conditions in Definition 12.91 are 
mutually exclusive: a peak domain exists only if rankStabQ(2;) < n. Also 
we can easily see that, in the case when n = 2, the definition coincides with 
that of cusped parabolic fixed points as in Beardon-Maskit [9]. 

Definition 2.10. A parabolic fixed point z for the group G is called bounded 
if (A(G) \ {z})/StabG(z) is compact (see Bowditch [IQKII]). 

There is a relationship between a bounded parabolic fixed point and a 
parabolic vertex, which was proved by Bowditch [lOj. 

Lemma 2.11. z is a bounded parabolic fixed point for a discrete group G if 
and only if z is a parabolic vertex. 

Definition 2.11. Let G be a discrete subgroup of M(M"). A point x £ M."- 
is said to be a conical limit point (or a point of approximation in some 
literature) if there are z £ EI"+^ and a geodesic ray / in H""*"^ tending to x 
in ]B"+-^ whose r-neighbourhood with some r G M contains infinitely many 
translates of z. 

Conical limit points can be characterised as follows. See Theorem 12.2.5 
in Ratchffe (Ml- 
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Proposition 2.12. Let G be a discrete group o/M(]R") regarded as acting 
on M"^^^ by hyperbolic isometrics. Then a point z G dW^^^ is a conical limit 
point of G if and only if there exist 5 > Q, distinct elements gm of G, and 
X G dW^~^^\{z} such that g^{0) converges to z while \gm{x) — gm{z)\ > S for 
all m. Furthermore, if this condition holds, then for every x G dM"^^^ \ {z}, 
there is 6 > such that \gmix) — gm{z)\ > 6 for all m. 

The following result due to Bowditch [TO] or [11] will be essentially used 
in the proof of our main theorem. 

Proposition 2.13. Let G C M(l") (n >2) be a discrete group. Then G 
is geometrically finite if and only if every point of A(G) is either a parabolic 
vertex or a conical limit point. 

2.8. Dirichlet domains and standard parabolic regions. Dirichlet do- 
mains are fundamental polyhedra of hyperbolic manifolds, which will turn 
out to be very useful for us. 

Definition 2.12. Let G be a discrete subgroup of M(M"), and x a point 
in H"^"*^, which is not fixed by any nontrivial element of G. The set {y G 
M^^^\dh{y , x) < dhiy^gix)) \/g G G} is called the Dirichlet domain for G 
centred at x, where dh denotes the hyperbolic distance. 

It is easy to see that any Dirichlet domain is convex and the interior of the 
intersection of the closure of a Dirichlet domain with M" is a fundamental 
domain as defined before. 

The following follows immediately from the definition of conical limit 
points. 

Lemma 2.14. Let D be a Dirichlet domain of a discrete group G C M(]R"). 
Then D H W'' contains no conical limit points, where D denotes the closure 
ofD in B"+i = M^+i Ul". 

Now, we consider how a Dirichlet domain of a geometrically finite group 
intersects standard parabolic regions. We shall make use of the following 
result of Bowditch [TO]. For a G-invariant set 5 on M", we say a collection 
of subsets {^s}sg5 is strongly invariant if gAs = Ags for any s G 5" and 
g £ G, and Ag Ci At = 9 for any s ^ t G S. We should note that each Ag is 
in particular precisely invariant under StabG(s) in G in the sense as defined 
before. 

Lemma 2.15. Let H be the set of all bounded parabolic fixed points contained 
in the limit set A(G) of a discrete group G C M(]R"'). Then we can choose 
a standard parabolic region Bp at p for each p £ H in such a way that 
{Bp\p G n} is strongly invariant. 

Using this lemma, we can show the following, which is essentially con- 
tained in the argument of §4 in Bowditch [lOj. 

Proposition 2.16. Let D be a Dirichlet domain of a geometrically finite 
group G C M(]R"). Let {Bp} be the collection of standard parabolic regions 
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obtained as in the preceding lemma. Then there is a finite number of points 
Pi, ■ ■ ■ ,Pk ^ Dnn such that D\U^^i{lntBp. U{pi}) is compact and contains 
no limit point of G. 

Proof. Choose a family of standard parabolic regions {Bp} as in Lemma 
12.151 Since G is geometrically finite, every limit point of G is either a 
conical limit point or a parabolic vertex. By Lemma 12.141 no limit point on 
Z) is a conical limit point. Therefore {Bp} covers all limit points contained 
in D. 

Suppose that there are infinitely many distinct Bp. among {Bp} with 
Pi G D. By taking a subsequence, we can assume that {pi} converges to 
a point q £ D, which is also contained in A(G), hence in H. By taking a 
subsequence again, we can further assume that all the pi belong to either 
the same StabG(9)-orbit or distinct StabG'(g)-orbits. We first consider the 
former case. Let ai be the geodesic line connecting pi to q, which must be 
contained in D. Since all pi belong to the same orbit, there are hi S StabG'(Q') 
such that hi{pi) = pi. By taking a subsequence again, we can assume that all 
hi are distinct. Then, the geodesic ai is shared by infinitely many translates 
of hiD. This contradicts the local finiteness of the tranlates of the Dirichlet 
domain D. 

Since g is a parabolic vertex, by Lemma 12. IH we see that 
{A{G)\{q}) /Stahciq) is compact. Therefore, by taking a subsequence again, 
we can assume that there are gi £ StabG(g) such that {giPi} converges to 
a point r G M" \ {q}. We can assume that all the gi are distinct by taking 
a subsequence. Let ai be the geodesic line connecting pi and q as before. 
Then gjOj converges to the geodesic line connecting r to q. Since giOi is 
contained in giD, this again contradicts the local finiteness of the translates 
oiD. □ 

Another easy consequence of Lemma 12.151 is the following. 

Corollary 2.17. Let G be a discrete subgroup of M(M"). In the upper 
half-space model o/EI"+^, suppose that oo is a parabolic vertex of G. Then 
the Euclidean radii of the isometric spheres I{g) of g £ G — StabG(cxD) are 
bounded from above. 

Proof. Consider the set of standard parabolic regions {-Bpjpgn obtained by 
Lemma 12.151 Since oo is a bounded parabolic fixed point, a standard par- 
abolic region B^q and its translates gB^o by elements g G G — StabG(cxD) 
are among {Bp}. Let B'^ be the maximal horoball contained in Boo- Then 
there is a number h such that B'^ = {{zi, . . . , Zn+i)\zn+i > h}U{oo}, which 
is equal to the height of FrB'^ . 

Fix an element g £ G— StabG(oo). By enlarging B'^, we get a horoball B" 
which touches g~^B" at one point. Let h' < hhe the height of FrB". Then 
the point B" n g~^B" has height h' . The isometric sphere I{g) of g must 
contain the point B" n g^^B" since the reflection in I{g) sends g~^B" to 
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B" . Therefore the Euchdean radius of I{g) is equal to h' , which is bounded 
above by the constant h independent of g. □ 

This imphes the following fact in the conformal ball model, which is Corol- 
lary G.8 in Maskit [T7] . 

Corollary 2.18. We regard G as above as acting on the ball B""^^ or L = 
]^n+i\^]gn+i^ and letp G 3B"+^ = dL be a parabolic vertex ofG. Suppose that 
gn ^ G are distinct elements. Then the radius with respect to the ordinary 
Euclidean metric on B"+i or L of the isometric sphere I{gk) goes to as 
k — > oo. 

3. Blocks 

Throughout this section, we assume that G is a discrete subgroup of 
M(]R") and J is a subgroup of G. 

Definition 3.1. A closed J-invariant set B, containing at lease two points, 
is called a block, or more specifically (J, G)-block if it satisfies the following 
conditions. 

(1) B n Q{G) = Bn ^(J), and B n Q{G) is precisely invariant under J 
in G. 

(2) If [/ is a peak domain for a parabolic fixed point z of J with the 
rank of Stabj(2;) being k < n, then there is a smaller peak domain 
U' CU such that U' n FrB = 0. 

Let be a (J, G)-block, and let S" be a topological (n — l)-dimensional 
sphere in M". Then S separates M" into two open sets. We say that S is 
precisely embedded in G if g{S) is disjoint from one of the two open sets for 
any g £ G. 

A (J, G)-block is said to be strong if every parabolic fixed point of J is a 
parabolic vertex of G. 

Then we have the following. 

Theorem 3.1. Suppose that G is a discrete subgroup of M{W^). Let J be a 
geometrically finite subgroup of G and B C a {J,G)-block such that for 
every parabolic fixed point z of J with the rank of Stabj{z) being less than n, 
there is a peak domain Uz for J with Uz H B = 9. Let G = DgkJ be a coset 
decomposition. Then we have diam{gk{B)) — > 0, where diam(M) denotes 
the diameter of the set M with respect to the ordinary spherical metric on 

Proof. By conjugating G by an element of M(]R"), we can assume that 
StabG'(O) = StabG(oo) = {id} when we regard G as acting on M"-"*"^ by 
considering the Poincare extension. Let L denote the exterior of B"^^ with 
the point oo, which we regard also as a model of hyperbolic (n + l)-space. 
Then J is also geometrically finite as a discrete group acting on L. Let P 
be a Dirichlet domain for J in L. 
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Let g be some element of G — J. For a fixed g, the set {{g o j)^^(cxd) = 
j^^ o g^^(^oo)\j G J} is J-invariant. Then for each coset gtJ, we can choose 
a representative gk in such a way that = g'j^^^oo), which is the centre of 
the isometric sphere of gk, hes in P. 

Now, by Proposition 12.161 there are finitely many standard parabolic 
regions Bp^^, . . . , Bp^ in L around parabolic vertices pi,...,ps on P such 
that P \ DiilntBp- U {pi}) is compact and contains no limit point of J. 
We number them in such a way that Stab}(pi), . . . , Stah j{pr) have rank n 
whereas Stab}(pr+i), • • • , Stab}(ps) have rank less than n. We can assume 
that for j > r + 1, we have Bp. n M" n i? = {pj} because of the following: By 
our assumption in the theorem, we can make Bp. smaller so that it satisfies 
this condition. Also it is clear that for the old Bp. , there is no limit point of 
J in M" n Bp. other than pj , which is also contained in the new Bp. . On the 
other hand no point in P can converge to pj from outside this smaller Bp. 
since pj is not a conical limit point, which implies that the compactness is 
preserved. 

For horoballs , • • • , Bp^ , we have the following. 

Claim 2. We can choose the horoballs Bp^^,--- ,Bp^ sufficiently small so 
that Bp^ n G(oo) = for each i (1 < i < r). 

Proof. We identify L with the standard upper half-space model of hyperbolic 
(n + l)-space, which we denote by By conjugation, we can assume 

that e = (0, . . . , 0, 1) corresponds to oo G L under the identification of EI"+^ 
with L. Regarding G as acting on this EI"^-'^ and Bp.^, . . . , Bp^ lying in B""*"^, 
what we have to show is that -Bp. n G(e) = for each i. 

We shall show that how we can make -Bp^ satisfy this condition. Con- 
jugating G by an isometry of Et""*""^, we may assume that pi = oo. Then 
Corollary 12.171 implies that the radii of the isometric spheres I{g) of g £ 
G — StabG!(oo) are bounded from above by some constant tq. We set 
Bp^ ={xe EI"+i|x„+i > 2max{l,r2}} u {oo}. 

Any h S StabG(oo) can be represented as a transformation of M" in the 
form h{x) = Ax + b for A E 0(n) and b £ M". Let h denote h regarded as 
an isometry of H""'"-'^. Then we have h{e) = (6, 1), hence h{e) ^ Bp^. 

For any g £ G — StabG(oo), let denote the radius of the isometric 
sphere 1(g)- Then g(x) is represented as a transformation of M" in the form 

+ ^\x-b\'^ some A £ 0{n) and a, 6 G M" (see p] or |8j). As before we 
denote by g the transformation g regarded as an isometry of E["+^. Then 
we have 

r'^Ab r'l r'l „ 

= - - 

which implies that g{e) ^ Bp^. We make each Bp^ smaller in the same way. 
It is clear that even after changing the horoballs, P \ Ui(Inti?p- U {pi}) is 
compact and contains no limit point of J since Bp. intersects P n M" only 
at Pj (1 < j < r) and pi is not a conical limit point. □ 
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Recall that Ofc = (co) is in P. By taking a subsequence, we have only 
to consider the cases when every lies outside all the standard parabolic 
regions Bp. and when all the lie in some Bp^ . 

First consider the case when every lies outside the Bp-. Since £ P 
and P\U(lnt{Bp-)U {pj}) is compact, the sequence {a^} converges to a point 
X £ P\U{lnt{Bp.)U{pj}) . Suppose that x is contained in B. Then x must lie 
in BnA{G) = BnA{J), which contradicts the fact that P\U{lnt{Bp^)U{pj}) 
contains no limit point of J. Therefore, it follows that the are uniformly 
bounded away from B. Since the gk are distinct elements, the radius with 
respect to the Euclidean metric of the conformal ball model of the isometric 
sphere I{gk) converges to by Corollary 12. 181 Therefore, we see that B lies 
outside the isometric sphere I{gk) for sufficiently large k. This means gk{B) 
lies inside the isometric sphere I{g'^^). This implies that diam(g(fc(i?)) 0. 

Next we consider the case when the lie in some standard parabolic 
region Bp.. By Claim [2l we see that Bp. is not a horoball; hence Bp. is an 
extended horoball, i.e., j > r + 1. Furthermore, if {a^} does not converge 
to pj, then we can take Bp. smaller. Therefore, we can assume that {a^} 
converges to pj. 

By composing a rotation of the sphere M", we may assume that pj is at 
the north pole (0, . . . , 0, 1). Let S be the n-sphere of radius 1 centred at 
Pj, and let be the reflection in S. Let B C Bp. be the largest horoball 
contained in Bp. touching M" at pj. 

We denote points in R"+i as (z, t) with z G M" and t G M. Then we have 
Pj = (0, l).Take Bp. to be small enough so that B' = {(z,i)||zp + [t — s' — 
1)^ < s'^} for some s' satisfying < s' < ^, and 

z |zp + — t 

'A(^'*) = (|^|2 + (i_l)2' |2|2 + (t_l)2)- 

We deduce that 

0(B"+i)={(z,t)|i<i}U{oo} and 0(5') = {(z, > 1 + ^} U {oo}. 

For any j S Stab j{pj), we have (j)j(j){oo) = oo since (j){oo) = pj. Consider 
the decomposition = x x R, where m(< n) is the rank of 

Stabj(pj). Let (pj(p{z) = U{z) + a be an arbitrary element of (/>Stab j{pj)(j), 
where U denotes a rotation. By Theorem 12. 101 may assume that the ro- 
tation U leaves M*" and M""'" invariant and the vector a lies in the subspace 
M™. Also, if £ (j)Stahj{pj)(l), then its restriction to the subspace M"^ is 
a translation. Hence, we have 

n 

HBp^) = {{z,t)\ ,f + t'>{l + —)\t>-}U{^}, 

i=m+l 

where Zi denotes the i-th component of z. 
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Since Bp. Ci B = {pj } , we have 

" 1 11 

(3.1) 4>{B) C{{z,t): J2 + i < (1 + ^)'' * = 2 ^ ^ 

i=m+l 

We should recall that 4>Stabj(j)j)(f) acts on cocompactly. Therefore, we 
can take representatives gk so that the projections of (/)(afc) = 4>{gJ^ (oo)) to 
stay within a compact subset of M"^ by multiplying elements of Stab}(pj) 
to the original gk- Note that by changing representatives, we do not have 
the condition that ^ P any more, but still the are contained in Bp.. 
This means that there is a constant L such that 4){ak) S YlTLi ^1 < 

L,t>\}^(t>{Bp.). 

Claim 3. There is a constant K > Q such that for every at S Bp. and every 
y £ B, we have \ak — y\ > K\ak — Pj\- 

Proof. Suppose, seeking a contradiction, that such a K does not exist. Then 
there exist a sequence {ys} C B and a subsequence {afc^} of {a^} such that 

(3.2) |"^° ~^'| ^0 as s ^ oo. 

We shall denote a^^ by for simplicity. 

We can assume that ys ^ pj for all s. Then, since 

\4>{as) -4>{ys)\ = ] II r and \(l){ys) - Pj\\ys - Pj\ = 1, 

\ys - Pj\\as - Pj\ 

we have 



\as - j/sP _ \4>ias) - (Piys)\'^ 

l«^-Pjf I'Piys) - Pj\'^ 
^^■^^ ^ i:ili('^(«.) - Hvs))! + Er=^+i('^(«.) - Hy.s))l 

ET=Mys))l + i:tUii<^{ys)-P,)l 

We shall show that there exists M > such that 

(1) E:^i(0(«s)).2<Mforall s- 

(2) T.l=L+i{<P{ys)-Pi)l < M for all s; and 

(3) Er=m+i('A(as) - 0(ys))i ^ oo as s ^ oo. 

The inequality (1) follows from the fact that we choose Ofc so that the pro- 
jections of (piok) to M"* stay in a compact subset. The second one is a 
consequence of (13. ip . We now turn to the third inequality. Since {og} was 
assumed to converge to pj, we see that (j){as) tends to oo, which means that 
YA=iiHO's))i oo. On the other hand, we know that Ei^i('A(as))i < M 
by (1), and that J27=m+ii't'iys))'i is bounded above independently of s by 
(2). These imply (3). 
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Then (2) and (3) imply that 

m 

"^(Hys))! oo as s ^ oo. 

i=l 

It fohows from (1) that for ah sufficiently large s, 

Ws -ys\ ^1 



\as-pj\ 2 

This is a contradiction and we have completed the proof of Claim [3j □ 

Let pk be the Euclidean radius of the isometric sphere of gk in L. Then 
we have the following. 

Claim 4. If all lie inside the extended horoball Bp., then we have 
I«fc -Pj\ 

Proof. Suppose that there is (5 > such that — - > 6. Then \gk{Pj) — 

l«fc -Pj\ 

gfc(oo)|= | . >S. 
\ak-Pj\ 

We can apply Proposition l2.12l bv identifying L with B"'^^ by the reflection 
in dM^~^^ and taking into account the fact that the Euclidean metric does 
not distort much by the reflection near dM"'^^ and see that pj is a conical 
limit point of G. This contradicts Lemma 12.141 since pj lies in P. □ 

We shall conclude the proof of Theorem 13.11 Let 6k be the distance from 
ak to B. Since 5k is the infimum of \ak — y\ for y £ B,hy Claim [3l we have 
5k > K\ak — Pj\- Since Proposition I.C.7 in [21j holds for g £ M{K^), we 
have 

diam(5.(S)) < ^ < 

5k \ak-Pj\ 

This implies that diam((7fc(i?)) ^ by Claim HI □ 
4. The Combination Theorem 

In this section, we shall state and prove our main theorem, which is a 
combination theorem for discrete groups in M(]R"). Before that we shall 
prove the following lemma which constitutes the key step for the proof of 
our main theorem. 

Lemma 4.1. Let Gi and G2 be discrete subgroups of M{W^). Suppose that 
J is a subgroup ofGinG2, which coincides with neither Gi norG2- Suppose 
that there is a topological (n — 1) -sphere S dividing M"" into two closed balls 
Bi and B2 such that each Bm is a (J, Gm)-block. Let Di,D2 be fundamental 
sets for Gi and G2, respectively such that J{Dm H Bm) = Bmr\°i^{J) for 
m = 1,2, and n 5 = L>2 n 5. Set D = {Di n B2) U {D2 n Bi) and 
G =< Gi, G2 >. Then the following hold. 
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(1) S is also a (J, Gm)-block for m = 1, 2. 

(2) s n A(Gi) = sn A(G2) = sn A(J) = A(J). 

(3) Both Gi and G2 have non-empty regions of discontinuity, and i?^ 
is contained in Q{Gm) for m = 1,2, where B!^ is the interior of Bm 
in W". 

(4) 5^ is precisely invariant under J in Gm- 

(5) For any g£G^- J {m = 1, 2), g{Bm) n Bm = giS) nSc A(G^). 

(6) For any g e Gm, we have g{Dm n B^^m) C -Bs-m and g{Dm n 

(7) Let Gm = \^9kmJ be a coset decomposition for m = 1,2. If J is 
geometrically finite, then diam{gii.m{Bm)) ^ as A; —> 00 where diam 
denotes the diameter with respect to the ordinary spherical metric on 
M". 

(8) {B^,B2) is an interactive pair. 

(9) //A(J) 7^ A(Gi) or A(J) / A(G2), then {Bl,B^) is a proper inter- 
active pair. 

(10) If D ^ 9 and J is geometrically finite, then {B°,B2) is a proper 
interactive pair. 

Proof. (1). This is obvious since S is contained in Bm- 

(2) . By Lemma [2. H we see that A(J) is contained in S; hence Sr\K{J) = 
A( J). Since 5 is a (J, Gm)-block for m = 1, 2 by (1), we have 5 n A(Gm) = 

A(J). This imphes (2). 

(3) . Since A(J) is contained in S, we see that B"^ n Q.{J) = B'^. On the 
other hand, since Bm is a (yj, Gj7T,)-block, we have Bm^^iG'ui) — -B^nl7(t/) — 
Bm 7^ 0- Thus both Gi and G2 have non-empty regions of discontinuity and 
ri(Gm) contains Bm- 

(4) . Since Bm C r2(Gm), by the definition of blocks, Bm H Q.{Gm) is 
precisely invariant under J in G^, and J{S) = 5, we see that Bm is precisely 
invariant under J in Gm- 

(5) . Since Bm H r2(Gm) is precisely invariant under J in Gm, for every 

g€Gm-J, g{Bmnn{Gm))niBmnn{Gm)) = 0- It follows (5(5m)nSm)n 

^{Gm) = 0- Then we see that (4) implies (5). 

(6) . For any j G J C Gm, JiDmClBs^m) C j(-B3-m) = -Bs-m and j{Dm^ 
^3~m) j(-^3-m) = Hence we have only to consider the case when 
g lies in Gm — J- Suppose that there exists an element g G Gm — J such 
that g{Dm D B^^m) n 5^ / 0. Take points x G g{Dm n B^^m) n Bm and 
y £ DmHBs^m such that x = g{y). Since x lies in BmDg{DmDB3_m) C BmH 
°$7(Gm) C i?mn°rj( J) = J{Dmf^Bm), there are an element j £ J and a point 
z G -Dm n Bm such that j^-?) = Then = ^(y). Since z and y are Gm- 
equivalent points of -Dm, we have z = y and j = g, which is a contradiction. 
Therefore, for any g G Gm — ^, we have g{Dm H B^^m) H i?m = and 
g{Dm n B^-m) C B^_^. Thus we have proved (6). 

(7) . By (1), we know that S" is a ( J, Gm)-block. Also we should note 
that since FrS = S, by the definition of blocks, for any parabolic vertex 
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z of J on S with the rank of Stabj{z) being less than n, there is a peak 
domain centred at z which is disjoint from S, and that every paraboUc 
fixed point is a parabohc vertex if J is geometrically finite. Therefore by 
Theorem 13. H d\a,m[gkm{S)) ^ as /c — > oo. On the other hand since Bm 
is a ( J, Gm)-block, diam((7fcm(5)) — > implies diam(gfcm(-Bm)) 0, and we 
have completed the proof of (7). 

(8) . This follows from (4) and Proposition 12.91 

(9) . If {Bl,Bl) is not proper, then B'^ U B^ = Gi{B1) C Sl(Gi) and 
B^UB^ = G2{Bl) C ^(Ga). It follows that for each m, we have A(G„) C S. 
On the other hand, by (2), we have A(Gm) = S^^A{Gm) = SnA{J) = A( J). 
Therefore if one of A(Gi),A(G2) is not equal to A(J), then {Bl^B^) is a 
proper interactive pair. 

(10) . Suppose that D is non-empty and J is geometrically finite. Then 
we can assume that Di nB2 ^ 9, for the case D2 D Bi can be proved just by 
interchanging the indices. We divide the argument into two cases: the case 
when L»i n 5 7^ and the one when L»i n / 0. 

Suppose first that there is a point x G Di n = Da H S". Recall that Di is 
contained in r2(Gi), and that for g £ Gi — J, we have g{Bi) n i?i C A(Gi) 
by (5). These imply that no (Gi — J)-translates of Bi pass through x G 
Dir\S C Dir\Bi. By the same argument, we see that no (G2 — J)-translates 
of B2 pass through x. 

Next we shall show that {Gm — J){Bm) cannot accumulate at x. First we 
should note that the translate of Bm by an element of Gm depends only on 
the cosets of Gm over J since J stabilises Bm- Suppose that {Gm — J)[Bm) 
accumulates at x. Then there are elements gt in Gm — J, which we can 
assume to belong to distinct cosets, and points i/k G Bm such that {gkiuk)} 
converges to x. Since we assumed that J is geometrically finite, by (7) we 
see that diam{gk{Bm)) — > 0. Therefore if we choose one point y in Bm, then 
{9k{y)} also converges to x. This means that x is a limit point of Gm, which 
contradicts the assumption that x lies in Dm- 

By these two facts which we have just proved, we see that there is a 
neighborhood of x which is disjoint from {Gm — J){Bm) for each m. This 
implies in particular that there is a point in B^_,^ which is not contained in 
the Gm-translates of Bm- Hence, in this case, {B^,B2) is proper. 

Now we assume that there is a point x G Di H i?2. If x G (Gi — J){B^), 
then there are an element g G Gi — J and a point y G B"^ with x = g{y)- 
Since y lies in Blr\°n{Gi) C B^r\°^l{J) = J(L'i nfi°), there are an element 
j £ J and a point z £ DiCiB^ with y = j{z), which implies x = gj{z). Since 
Di is a fundamental set of Gi, it follows that x = z and g = , which is 
a contradiction. Therefore x is not contained in (Gi — J){Bi) and {B^, B2) 
is proper. Thus we have proved (10). □ 

Definition 4.1. Let {5'j} be a collection of topological (n — l)-spheres. 
We say that the sequence {Sj} nests about the point x if the following are 
satisfied. 
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(1) The spheres Sj are pairwise disjoint. 

(2) For each j, the sphere Sj separates x from the precedent Sj-i; 

(3) For any point Zj G Sj, the sequence {zj} converges to x. 

Now we can state and prove our main theorem. 

Theorem 4.2. Let J be a geometrically finite proper subgroup of two dis- 
crete groups Gi and G2 in M(]R"). Assume that there is a topological (n— 1)- 
sphere S dividing into two closed balls B\ and B2 such that each 3^ is 
a (J, Gm)-block and {Bf, S|) is a proper interactive pair. Let D^n be a fun- 
damental set for Gm for m = 1,2 such that J{Dm H Bm) = Bm^°^iJ), 
Dm n i?3-m is either empty or has nonempty interior, and DiCiS = D2r\S. 
Set D = {DiD B2) U {D2 n Bi) and G =< Gi,G2 >■ Then the following 
hold. 

(1) G = Gi*jG2. 

(2) G is discrete. 

(3) // an element g of G is not loxodromic, then one of the following 
m,ust hold. 

(a) g is conjugate to an elem,ent of either Gi or G2 ■ 

(b) g is parabolic and is conjugate to an element fixing a parabolic 
fixed point of J. 

(4) S is a precisely embedded {,J,G)-block. 

(5) Lf {Sk} is a sequence of distinct G-translates of S, then diam(S'fc) 

0, where diam denotes the diameter with respect to the ordinary 
spherical metric on W^. 

(6) There is a sequence of distinct G-translates of S nesting about the 
point X if and only if x is a limit point of G which is not G-equivalent 
to a limit point of either Gi or G2 . 

(7) D is a fundamental set for G. If both Di and D2 are constrained, 
and SnFiD consists of finitely many connected components the sum 
of whose {n—1)- dimensional measures on S vanishes, then D is also 
constrained. 

(8) Let Qm be the union of the Gm-translates of B^, and let Rm be 
the complement of Qm in W". Then Q.{G)/G = (Ri n U 
(i?2nr2(G2))/G2, where the latter two possibly disconnected orbifolds 
are identified along their common possibly disconnected or empty 
boundary {S H ^1{.J)) / .J . 

Furthermore, if each Bm is precisely invariant under J in Gm for m = 1,2, 
then the following hold. 

(9) S is a strong {J,G)-block if and only if each B^, is a strong {J,Gm)- 
block. 

(10) If both Bi and B2 are strong, then, except for G-translates of limit 
points of Gi or G2, every limit point of G is a conical limit point. 

(11) G is geometrically finite if and only if both Gi and G2 are geomet- 
rically finite. 
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Proof of (1). Since (i?°,i?2) proper, (1) follows from Theorem 12.71 □ 

Proof of (2). Suppose that G is not discrete. Then there is a sequence {g^} 
of distinct elements of G which converges to the identity uniformly on com- 
pact subsets. Express gu in a normal form g^ = jn^ ° In^-i ° ■ ■ ■ ° Tm- We 
may assume that each g^ has even length, for if gk has odd length, then by 
Lemma 12.61 either gk{B1) C .Bg, or gk{B2) C B^, and such elements cannot 
converge to the identity. By interchanging Bi and B2 if necessary, we may 
assume that (Gi — J){B'() is a proper subset of B2 since {B^^ B2) is proper. 
By choosing a subsequence, we may assume that all the gt are (l,2)-forms 
or all of them are (2, l)-forms. It suffices to prove the case that every g^ is 
a (1, 2)-form since if gk is a (2, l)-form, then g^^ is a (1, 2)-form. 

Since we assumed that each g^ is a (l,2)-form, we have gk{B2) C 7„^, o 



jn,.dB°2)- If 7n,_i(S2°) = th^u g^iB^) C 7n,(i?i°) C B°2, with the 



last inclusion being proper, and if 7nfc_i(-B2) is a proper subset of B°, then 
gk{B2) C °7nfc_i(-S2) 7nfc(-^i) -^2> with the last two inclusions 
being proper. Therefore, in either case, we have gk{B2) C ^nki^i) 
with the last inclusion being proper. Thus B2 — gk{B2) D B2 — ^nki^i) ^ 



Now for a normal form g = gn' ' ' 9i G G, we call g positive if gi € Gi — J 
and we express it as 5 > 0; we call g negative if 51 G G2 — J and we express 
it as g < 0. 

Using this distinction, we consider a coset decomposition of G: 



where |a„fc| = \bnk\ = n, a^k > 0, and bnk < 0. Following Apanasov [7], we 

set r„ = (Ufca„fc(5i)) U (UkbnkiBi)), C„ = 1" \ r„, G = UG„, and T = 

M« \ G = nr„. 

Then we have the following. 

Lemma 4.3. is a decreasing sequence with respect to the inclusion, 

that is, Ti D T2 D . . . . 

Proof. Take a point x G Tn {n > 1). Then either there are an element a„fc > 
with length n and a point y £ Bi satisfying that x = a„fc(y), or there are an 
element bnk < with length n and a point y £ B2 satisfying that x = bnkiu)- 
In the former case, if we express a„fc in a normal form as g-n ° ' ' ' ° 9i, then 
gi £ Gi — J. Since gi{y) lies in gi{Bi) C B2, there is a point z £ B2 with 
91 (y) = Therefore, x = Onkiv) = On o ■ ■ ■ o 92{z) £ b(^n-i)s{B2) C Tn-i- In 
the latter case, by the same argument we have x £ T^-i- □ 

Lemma 4.4. The sphere S is precisely embedded in G. If S is precisely 
invariant under J in Gi and G2, respectively, then S is precisely invariant 
under J in G. 




is a contradiction. □ 



G = J U {Un,k(lnk 



J) U {Un,kbnkJ) 
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Proof. We shall first show that S is precisely embedded. For any g £ G with 
\g\ = 0, we have g{S) = S and is disjoint from both and i?2- If \g\ = 1, 
then g e Gm- J {jn = 1,2), and g{S) = g{FrBm) C g{Bm) C B-s^rn- This 
means that g{S) is disjoint from B!^. 

Now let g = gn o ■■■ o gi be an (m, fc)-form with \g\ > 1. Then g{S) = 
gCFrBk) C g{Bk) C B^^m since g{B'^) C B^_^ by Lemma [2^ This means 
that 5(5') is disjoint from again, and we have thus shown that 5 is 
precisely embedded in G. 

Now suppose that S is precisely invariant under J both in Gi and G2. 
Since, as was shown above, for g £ J, we have g{S) = S, we have only 
to show that ^(5) n 5 = for g G G - J. Note that ^(5) = g(FrBm) C 
g{Bm) C B^_^ for any g £ Gm — J ■ Therefore, it remains to consider 
the case when |(7| > 1. li g = gn o ■ ■ ■ o gi an (m, A;)-form with \g\ > 1, 
then h = g~^ o g is a {3 — m, fc)-form. It follows from Lemma 12.61 that 
giS) = 5„ o h{S) = gn° h{¥^Bk) C 5n o h{Bk) C gn{Bm) C -B^^.^. Thus, we 
have shown that for any g £ G — J, g{S) n 5" = 0. □ 

Lemma 4.5. D C Gi. 

Proof. We assume that D 7^ 0. By interchanging Bi and B2 if necessary, we 
can assume that i^i n i?2 7^ 0- If there is a point x£DiriS = D2nS, then 
no {Gm — J)-translates of B„i pass through x as was shown in the proof of 
Lemma l4.H -(10). This implies that x £ Ci. 

It remains to consider the case when x £ Di n B2. If x E (Gi — J){Bi), 
then there are an element g £ Gi — J and a point y £ Bi with x = g{y). 
Since y £°^{Gi) R Bi C°Vt,{J) n there are an element j £ J and a point 
z G n 5i with y = j{z) by the assumption that J{Di n Bi) =°Q.{J) n Si 
in Theorem 14.21 Therefore we have x = gj{z), which implies that x = z and 
gj = id. This contradicts the assumption that g lies in Gi — J. Thus we 
have shown that x £ Gi. □ 

Lemma 4.6. D is contained in °0,{G), and precisely invariant under {id} 
in G. 

Proof. We shall first prove that D is contained in Suppose, on the 

contrary, that there is a point z in DriA{G). Since D = (Dini?2)U(L>2ni?i), 
we can assume that z £ Di n B2 by interchanging the indices if necessary. 

Claim 5. In this situation, we have z £ Di n S. 

Proof of Claim\^ Suppose not. Then z must be contained in Dir\B2. Since 
z £ A(G), it follows from Lemma [2.2l that there is a sequence {gk} of distinct 
elements in G such that gk{y) z for all y with at most one exception. Since 
z £ B2<Z ^{G2) (by Lemmal4T]-(3)) and z £ Di (Z we have l^fcl > 1, 

and we can assume that each gk is a 1-form. Since gk{B) C Ti for B which is 
equal to Bi or i?2, Lemma 145) implies that z £ PrTi. Since z £ Di <Z ^{Gi) 
and every point of B2 H FrTi is either a {Gi — J)-translate of a point of S 
or a limit point of Gi, we deduce that z is a (Gi — J)-translate of a point 
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of S. On the other hand, since z is contained in Ci = M" \ ^i, we see that 
z is not a (Gi — J)-translate of a point of S. This is a contradiction. □ 

Since z G Di H 5 = D2 H 5, as was shown in the proof of Lemma [4T] -( 10). 
no (G^ — J)-translates of Bm pass through z nor accumulate at z. Therefore, 
we have z G Ci- Since {T^} is decreasing, the (G — J)-translates of S do 
not accumulate at z, for (G — J)-translates of S accumulate at points in Ti, 
which is disjoint from C^. This means that z cannot be a limit point of G; 
hence z S il(G). Thus we have shown that D is contained in 17 (G). 

By Lemma O- (6) and Lemma ESI we see that (L>i n B^) U (1)2 n 5J) is 
precisely invariant under {id} in G. Setting A = {Di n U (-^2 H S^), we 
have D = Ayj {Di n 5) and A C C^. Then for any g e G - {id}, we have 

5(1?) nD = {g{A) n (L>i n S)) u (5(1)1 n 5) n ^) u (^(z?! n 5) n {Di n S)). 

If 5 G J-{id}, then g{DinS) C S'VDi and 5(A)UA C SJUS^. Therefore, 
g{Di nS)n {Di n 5) = 0, ^(Di n 5) n ^ = and g{A) n (L»i n 5) = 0. It 
follows that g{D) n D = in this case. 

If g € Gm- J, then 5((Di nS) = g{Dm nS) cTi and LemmaliTT]-(4) and 
(6) imply that g{A) C B^_^. Since (Z)i H 5) = D is contained in Gi by 
Lemma 1131 and g{Di n S) is contained in Ti, we have g{Di r\ S) r\ A = 
We also have g{Di n S") n (Z^i n S") = since Dl<r^S = D2r\S and 1)1,-02 
are fundamental sets of Gi, G2 respectively, and g{A) n {Di n S*) = since 
g{A) is contained in B^_^ as was seen above. Therefore also in this case, 
we have g{D) DD = 

Now, we consider g = gnO- ■ -ogi £ G— (G1UG2), where gi G Gm — J- Then 
giDi nS)= g{Dm n S) C g{B„,) C T„ C Ti and g{A) = giD^ n B^_J U 
g{D^^^mnB°J C gnO---og2{BI_JUg{B°J{LemmaK3{6)) C T^^^UT° C 
C B^ U S^. These facts imply that g{Di n S") n (Di n 5) = by Lemma 
1431 5(Z)i n S) n A = by the fact that AcC^, and 5(^) n {Di n 5) = 0. 
Thus we have shown that D is precisely invariant under {id} in G. Since 
we have already shown that D C f7(G), this means that D C°il,{G). □ 

Lemma 4.7. S n il(J) = S D i^{G), and S D il(J) is precisely invariant 
under J in G. 

Proof. Let z be a point in Srifl{J). Since Sr\Q{Gm) = Sr\Q{J) for each m 
by Lemma r4.1l -(2). we have z £ n{Gm)- As was shown in the proof of Lemma 
HTT]-(10). no {Gm - J)-translates of B m pass through z nor accumulate at z. 
Therefore z is contained in GI- 

Suppose, seeking a contradiction, that z lies in A(G). Then there is a 
sequence {gu} of distinct elements of G such that gk{y) z for all y with at 
most one exception. Since z is contained in r2(Gi) n $7(G2), we can assume 
\gk\ > 1 for all k by taking a subsequence. We deduce from the fact that 
gk{B) C Ti for B = Bi or B2 that z must be contained in Ti, which is a 
contradiction. Thus we have shown that S'n il(J) is contained in S" n Vt{G). 
The opposite inclusion is trivial. 

Now we turn to prove the latter half of our lemma. It is clear that J keeps 
S n Vl{J) invariant. Suppose that there are points y and z in n il(G) = 
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S n Q{J) and that there is an element g £ G — J such that g{y) = z. 
Express g in a normal form g = gn o ■ ■ ■ o gi. Then n > 1 since S is 
a (J, Gm)-block (m = 1,2). Clearly z lies on g{S) n S. Moreover since 
g{S) = gnidn-i o • • • o gi{S)) and S is contained in both Bi and B2, by 
Lemma \2M g{S) is contained in either gn{Bm), where gn is assumed to lie 
in Gm- If 2; G 9(3) is contained in then it must lie in B^_^, which 

contradicts our assumption. Therefore z must lie in gniS). We may assume 
that (7„ E Gi — J by interchanging the indices if necessary. Since Bi is a 
(J, Gi)-block, n ri(Gi) is precisely invariant under J in Gi, which means 
that gn{^{Gi)r\Bi) is contained in B2. Because we have shown that z lies in 
SCigniS), this implies that z € A(Gi) C A(G). Since z = g{y) £ ^{G), this 
is a contradiction. Thus we have shown that g{S n ^{G)) n (5 n ^{G)) = 
for any g £ G — J . □ 

Proof of (3). Let g be an element of G which is not conjugate to any element 
of either Gi or G2, such that \g\ is minimal among all conjugates of g in G. 
Clearly, we have l^l > 1. Express g in a normal form g = gn° ' ' ' ° 91- If the 
length of 5 is odd, say, gn, gi GGm-J, then g'^ogogn = gn-i°- ■ ■oi9i°9n)- 
The corresponding normal form oi g~^ o g o gn has length less than n, which 
contradicts the minimality of [(/I . Therefore the length of g must be even and 
g must be a (3— m, m)-form. This implies that g{Bm) C gn°gn-i{Bni) C Bm- 
Since {B°,B2) is a proper interactive pair by assumption, the last inclusion 
is proper by Lemma 12.61 Hence g has the infinite order and has a fixed 
point in g{Bm) C B^. Similarly, g'^^Bs^m) C g^^ o g^^^Bs^^) C ^s-m, 
where the last inclusion is proper. Therefore g also has a fixed point in 
g^^{B^^rn) C i?3_m5 which may coincide with the above-mentioned fixed 
point. 

Since G is discrete and g has infinite order, g is not elliptic. If g is 
parabolic, then its fixed point is unique, which we denote by x. Hence the 
two fixed points mentioned above are equal and x lies on Sf]g{S). By 
Lemma [4.7( x is a limit point of J. Since J is geometrically finite, x is either 
a parabolic fixed point of J or a conical limit point for J by Proposition 
12.131 Since a conical limit point for J is also that for G and a conical limit 
point cannot be a parabolic fixed point, we see that x is a parabolic fixed 
point of J. □ 

Proof of (4). Since Bi and B2 are both blocks, for every parabolic fixed 
point 2; of J with the rank of Stabj{z) being less than n, the peak domain 
centered at z for J has trivial intersection with S = YiBi = Fri?2- This 
shows the second condition in the definition of blocks holds for S. Lemma 
14.71 implies that the first condition in the definition holds for S, hence that 
S is a (J, G)-block. By Lemma S is precisely embedded in G. □ 

Proof of (5). By (4) shown above, we know that S is a ( J, G)-block. Then 
(5) follows from Theorem 13.11 □ 

Lemma 4.8. Gi H B^ is precisely invariant under G^-m in G. 
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Proof. It is obvious that Ci n 5^ = M" - G3_™(-B3_m). Since G'3_m(i?3_m) 
is invariant under Gz-m, its complement Ci H B'^ is also invariant under 

If 5 G Gm — >/, then g{Ci nS^) C g{B'^) C B^_^, and we are done. Now 
we consider a general g which is expressed in a normal form g = gn° ' ' ' ° gi 
with \g\ > 1. If (7 is an (m,m)-form, then g{Ci H i?^) C g{B!^) C B^_^ 
by Lemma 12.61 If g( is an (m, 3 — m)-form, then g{Ci H i?^) = gn o ■ ■ ■ o 
9iiCi n -^m) = 9n° • • • ° 52(^1 n i?^) as was shown in the last paragraph, 
and this last term is contained in B^__^ since o • • • o is an (m, m)-form. 
li g = gn o ■ ■ • o gi is a (3 — m, A;)-form, where either /c = 1 or A; = 2, then, 
by the discussion above, we see g-n-i o • • • o gi{Ci n B^) C B^_^; hence 
5(Ci n B^) C gn{B^-m) C Tf. Thus in every case, if 5 ^ Ga-m, then 

5(Ci n B°J n (Gi n i?;;) =0. □ 

Lemma 4.9. T/ie set C is contained in the union of Q{G)\°Q{G) and the 
G-translates of D U A(Gi) U A(G2). 

Proof. Every point x G G is contained either in Gi or in G„ \ G„_i for 
some index n (n > 1) since {Gn} is increasing. If x G G^ \ G^-i, then 
X G T„_i \ T^. Hence there are a point y G Bk and an element expressed in 
an (m, /c)-form = gn-i o ■ ■ ■ o gi £ G such that x = g{y). If y lies in Ti, 
then either y G (Gfc — J){Bk) Pi 5^ or y G {G^-k — J)(-B3_fc). In the former 
case, 7/ is contained in A(Gfc) n = A(J) n by Lemma [4. 11 - (5). In the 
latter case, we have x G r„, which is a contradiction. Therefore, every point 
X G G is either contained in G(A(J)) or G(Gi). In the former case, we are 
done. Therefore, we have only to consider the latter case. Moreover, since 
the sets in our statement are G-invariant, we can assume that x lies in Gi. 

It suffices to prove our lemma under the assumption that x G GinB2; the 
proof for the case x G Gi n i?i is the same. If x lies in Gi R -B2, then either 
X G A(Gi) or X £°^}{Gi) or x G i}{Gi)\°Q{Gi). We only need to discuss 
the latter two cases. 
Case 1: x G°0(Gi). 

In this case, there are an element 5 G Gi and a point z £ Di with g{z) = x. 
We claim that z ^ B^. Suppose, on the contrary, that z is contained in B^. 
If g lies in Gi — J, then g(z) is contained in Ti by the definition of Ti. Since 
we assumed that x lies in Gi, this is not possible. Therefore, we have g £ J. 
On the other hand, J{B°) = B"^, which contradicts the assumption that x 
lies in B2. This shows that z G -Di H ^2 C .D, and we are done in this case. 
Case 2: X G 17(Gi)\°17(Gi). 

Since S D n{J) = Sn n{Gi) = Sn n{G2) = Sn n{G) by Lemma [121 
if X G 5, then x lies in ^}{G). Furthermore, since °r2(G) is contained in 
°r2(Gi), this implies that x G ^}{G)\° 0,{G) , and we are done in this case. If 
X ^ 5, then x G Gi H i?2- Since x G ri(Gi), no (Gi — J)-translates of Bi 
accumulate at x as was shown in the proof of Lemma l4.H -(10). Therefore, 
we have x G C^. Then, by Proposition 12. 4^ there is a neighbourhood ?7 of x 
contained in Gi n B2 such that U is precisely invariant under Stabci (x) in 
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Gi and StabG'i(x) is a non-trivial finite subgroup. Now Lemma 14.81 implies 
that StabGi(x) = StabG(x). Hence U is precisely invariant under StabG(2;) 
in G. This shows that x is contained in ^}{G)\°n{G), and we have completed 
the proof. □ 

Lemma 4.10. T C A(G). Furthermore, every point of T is either a G- 
translate of a point in A(J) or the limit of nested translates of S. 

Proof. Consider a point z £ T. We assume that z G {Gi — J){Bi), for the 
case when z G (G2 — J){B2) can be dealt with in the same way. Then there 
is an element hi = gi £ Gi — J such that z G gi{Bi). Since Ti D T2, 
we have z £ T2, and there is an element 52 £ G2 — J such that z € gi o 
92{B2) = h2{B2) C hi(Bi). Similarly, since 2; G T3, there is an element 
gs £ Gi- J such that z £ gi o g2 o g3{Bi) = h^iBi) C /i2(52) C hi{Bi); 
etc. Since the element /i^ has length increasing as fc ^ 00 and {B^, B2) is a 
proper interactive pair, the sets hk{S) can be assumed to be all distinct by 
taking a subsequence if necessary. Thus we have shown that if z G T, then 
there is a sequence {h^} of elements of G, with 00, and z G • • • C 

hk{Bk) C • • • C h2{B2) C hi{Bi), where -Bj is either Si or i?2- Passing to a 
subsequence if necessary, we may assume that Bj = Bi. 

There are two possibilities for this sequence: either z lies in the interiors 
of infinitely many hk{Bi), or from some k on, z lies on the boundary of every 
hk{Bi). In either case, since the hk{S) are distinct, we have diam(/ifc(<S')) — > 
0. Since the ball hk{Bi) bounded by hk{S) decreases as A; — > 00, this is 
possible only when diam(/ifc(i?i)) 0. Since z is a limit of {hk{xk)} with 
Xk G Bi in either case above, it follows that for every x G -Bi, we have 
hk{x) — > z. This means that z lies in A(G). Moreover, in the former 
case, we have shown that nests around z. In the latter case, since 

z G hk^^{S) n hko+i{S) n • • • , we have w = hl^{z) G 5 n h^^^hk^+iiS) Pi • • • . 
Since such w is contained in A(G), by Lemma 14.71 it also lies in A(J). This 
means that z is contained in the G-translate of A (J). □ 

Lemma 4.11. If z £ G D A{G), then there is no sequence of distinct trans- 
lates of S nesting about z. 

Proof. Lemma 14.91 implies that z is a G-translate of a point in either D 
or A(Gi) U A(G2). Since D is contained in ^}{G) by Lemma 14.61 the only 
possibility is z G G(A(Gi) U A(G2)). 

We first consider the special case when z lies in G(A(J)). Under this as- 
sumption, suppose, seeking a contradiction, that there is a sequence {hk{S)} 
of distinct G-translates of S nesting about z = g{y) for an element g £ G 
and a point y £ A(J) C 5. Then we have z £ hk{B°) by taking a subse- 
quence for B which is either Bi or B2. We can assume that B is Bi after 
taking a subsequence, for we can deal with the other case in the same way. 
It follows that y £ g~^ ohk{B°). Now since {hk{S)} nests around z, we have 
diam{hk{Bi)) — > 0. This is possible only when after taking a subsequence all 
hk are (rn-fc, l)-forms with mk = 1,2. (If hk were (mfc, 2)-form, then hk{Bi) 
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would contain S; hence its diameter would not go to 0.) Therefore g~^hk 
is also expressed as an (m', l)-form for large k and g~^hk{B°) is contained 
in B^_^,. In particular, we have y ^ S. This contradiction shows that if 
z S G(A(J)), then there is no sequence of distinct translates of S nesting 
about z. 

Now we turn to the general case when z £ G(A(Gi) U A(G2)). It suffices 
to consider the case z G G(A(Gi)) since the proof for the case z G G(A(G2)) 
is entirely the same. Then there are an element g £ G and a point y G A(Gi) 
with g{y) = z. Since B° C n{Gi), we have A(Gi) C t"\Gi(B°). Therefore, 
y is not contained in Gi{Bl); hence unless y lies in Gi{S), it must lie in 
Ci n Bl If y e Gi{S), then y £ Gi{S n A(Gi)) = Gi{S n A(J)). The 
discussion in the previous paragraph implies that this case cannot occur. 

Now we assume that y £ Cir\B2- If there is a sequence {hk{S)} of distinct 
G-translates of S nesting about z = g{y), then z £ hk{B°) for every k where 
B is Bi or i?2) and hence y £ g~^ o hk{B°). We may assume that B = Bi 
by changing the index and taking a subsequence and is an (m, l)-form. 
Then g'^ o /i^ is also an (m', l)-form for sufficiently large k. Since {T„} 
is a decreasing sequence, y £ T°, which is a contradiction. Thus we have 
completed the proof. □ 

Proof of (6). If X lies in A(G) \ G(A(Gi) U A(G2)), then x £ T hy Lemma 
14. 9[ Since every point of T is either a translate of a point of A( J) or is the 
limit of a nested sequence of translates of S by Lemma [4. 101 we have proved 
the "if part. 

Now we turn to the "only if part. Suppose that x lies in K{Gm) for m = 1 
or 2. Since B°^ C 9.{Gm) by Lemma [tl}(3), we have x € M" \ Gm{B°^). 
If X G Gm{S), then as was shown in the proof of Lemma 14. IH there is 
no distinct G-translates of S nesting about x. Therefore x is contained in 
M" \ Gm{Bm) = Ci n ^3.^, which imphes that x G C n A(G). By Lemma 
14. m there is no distinct translates of S nesting about x. □ 

Proof of (7). By Lemma 14.91 every point of Cn°0(G) is a translate of a 
point of D. Also by Lemma 14.101 T is contained in A(G). This shows that 
every point of °Vt{G) is contained in a G-translate of D. Furthermore, since 
D C°fl{G) and D is precisely invariant under the identity in G by Lemma 
14.61 it follows that D is a fundamental set for G. 
Now assume that both Di and D2 are constrained. 

Claim 6. n{G) C G{D). 

Proof. Since we have already shown that D is a fundamental set for G, we 
have only to prove that if x G i}{G)\°Q{G), then there is an element g £ G 
with g{x) £ D. Now let x be a point in 0,{G)\°^}{G). By Lemma l4T0| x 
is not contained in T. As was shown in the proof of Lemma 14.91 we have 
X G G{Ci) n (r2(G)\°r2(G)). This means that there are an element g £ G 
and a point y £ Ci (1 such that x = g{y). We may assume 

that y £ B2, for the proof in the case y £ Bi is entirely the same. 
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Suppose first that y e S n Ci n {Q{G)\° n{G)) . Then since S n n{J) = 
5n il(Gi) = 5n by Lemma 1471 and Di is a constrained fundamental 

set for Gi, there are an element h £ Gi and a point z G Di such that 
y = h{z). Since Gi{B^) C B^U T^, we see that z must be contained in B2, 
hence z E Di D B2 C D. Thus we have completed the proof in this case. 

Next we assume that y ^ S, which means that y e Cini?2n(r^(G)\°r2(G)). 
Since y G Q{G) C i^(Gi) and I?i is a fundamental set for Gi, we see that y is 
Gi -equivalent to a point w G Di. By Lemma [48| we have w G -DinCini?2- 
Since Z)i n 52 ^1 this implies w G D, and our claim has been proved. □ 

We now return to the proof of (7). We have 

(4.1) GmiD^) = GmiiDm^ H B°J U (L>„ H Bs-m)), 

(4.2) G™(5„ n i?;;) cb:^u (t^ n B^_„) 

by the definition of Ti, and 

(4.3) n c Dm n S3_^ c (7i n ^3^^ 

by Lemma 14.51 

Since Ci n B^^rn = \ Gm{B!^), we see that (7i n B^^m is G^-invariant. 
Therefore from (|4.3p . we obtain 

(4.4) Gm{Dm n 5°_„) c Ci n S3_^. 

Since FrD n S consists of only finitely many connected components the sum 
of whose (n — l)-dimensional measures on S vanishes by assumption, it 
follows from (jH]), (g^D, and ([OD that the sides of D m in i?3_m are paired 
with those in B^-rn by elements of Gm for each m. Since the sides of D in 
Bi are equal to those of D2 in Bi and the sides of D in B2 those of Di in 
B2, we see the sides are paired to each other. These sides can accumulate 
only at limit points because of the same property for Di and D2. The only 
thing left to show is that the tessellation of ^}{G) by translates of D is locally 
finite. 

Take any z £ D D il.{G). We see from Lemma 14.51 that either z G CJ" or 
z £ FrCi = FrTi. We may assume that z £ Di n B2 C Di D B2, for the 
proof in the case z £ D2 H Bi is entirely the same. 

Case 1 z G Cf. 

Since z is contained in ^}(Gm) for each m and Dm is a constrained funda- 
mental set for Gm, there is a neighborhood U of z with [/ C CJ" such that for 
each m there is a finite set {gmi{Dm), ■■■ , Qmkm {Dm)}_ with U C Uigmi{Dm) 
for gmi G Gm- We consider U D B^^m- Since Gm{Dm n -B^) C -B^ U T° 
and ^7 C Ci, we have [/ n B-^^m C UiQmiiDm n B^^m)- Therefore C/ C 
U^^i(Us'mj(-C'm n B-s^m)) C U^^^ (Ui^mi (-D) ) , and we have obtained the 
local finiteness of D at such a point. 

Case 2 2 G FrGi = FrTi. 

We claim that z ^ S in this case. Suppose, on the contrary, that z is 
contained in S. Since z £ Q{G) C ^l{Gm), as was shown in the proof 
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of Lemma l4.1l -(10). no {Gm — J)-translates of Bm pass through z and no 
Gm-translates of Bm accumulate at z. Therefore, we have z G , which 
contradicts our assumption for Case 2. 

Hence, we can assume that z hes in Since a point of FrTi in B2 is 
either a point of (Gi — J){S), or a point of A(Gi) and z £ Q{G) C ^l{Gi), 
we see that z must he in B2 H {Gi — J){S). Then there are a point s £ S and 
an element g £ Gi — J with g{s) = z. By Lemma 14.71 s lies in 5" H ^}{G) = 
Snn{J) = Snn{Gi) = Snn{G2). Therefore no (G^ - J)-translates of 5^ 
pass through s and no G-m-translates of Bm accumulate at s as was shown 
in the proof of Lemma |4.H -(10). This implies that s is contained in G"^ D S. 
By applying the proof of Case 1 to s, we see that there is a neighbourhood 
U of s covered by finitely many G-translates of D. It follows that g{U) is a 
neighbourhood of z covered by finitely many G-translates of D. This shows 
that D is locally finite at a point as in Case 2. 

Thus we have shown the proof of the local finiteness of D, hence completed 
the proof. □ 

Proof of (8). We shall prove this by showing the following three claims. 

Claim 7. For each m, we have Rm H 0,{Gm) C 0,{G). 

Proof. Take a point z £ Rm n il{Gm)- Since Rm = IR" \ Gm{Bm), we have 
either z £ Gm{S) 01 z £ Gi n B^_,^. U z £ Gm{S), then z £ 0(G) since 
S n niG) = Sn n{J) = Sn n{Gm) by Lemma 1121 If z £ GiD B°_^, 
since z £ ^l{Gm), no Gm-translates of Bm passe through or accumulate at 
z as was shown in the proof of Lemma I4.H -(10). It follows that z £ G^. 
By Proposition 12.41 there is a neighbourhood U of z lying in G^ H B^_^ 
which is precisely invariant under Stabc^ {z) in Gm such that Stabc^ {z) is 
finite. By Lemma 14. 8| we see that StabG'„(2) = StabG(2) and that U is 
precisely invariant under StabG(z) in G. By Proposition 12.41 this implies 
that z £ n{G). □ 

Claim 8. Every point of fl{G) is G-equivalent to a point of either i?inrj(Gi) 
or i?2nO(G2). 

Proof. Let z be a point in i7(G). By Lemma |4.10| we see that z ^ T. As 
was shown in the first half of the proof of Lemma 14.91 we have z £ G(Gi). 
We have only to consider the case when z G Gi by translating z by elements 
of G. Since Gi n Bm C Rs-m by the definitions of Rz-m and Gi and 
n{G) C ri(Gi) n J^(G2), we see that z G n 0(Gi)) U {R2 n ^(Ga)). □ 

Claim 9. For each m = 1,2, the set Rm H il(Gm) is precisely invariant 
under Gm in G. 

Proof. It is obvious that Rm is Gm-invariant, hence so is Rm H il(Gm)- We 
shall show that Rm H Vt{Gm) is moved to a set disjoint from it by other 
elements of G. 

For any g £ G^-m-J, we have g{Rm^^{Gm)) C g{B:i_m^^{Gm)) C Bm- 
By Lemma [Q- (5). g{B^-m)^S C A(G3_m)n5, which is equal to 5nA(Gm) 
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by Lemma l4.1l -(2). This implies that no point of 0,{Gm) H -Bs-m is mapped 
into S by g, hence g(i?3_mnil(Gm)) C -B^. Since Rm is contained in Bs-m, 
it follows that g{Rm n n i?™ n n{Gm) = 0- 

Now let g = g-n ° ' ' ' ° 9i be a normal form with \g\ > 1. If (7 is a (3 — 
m, 3— m)-form, then since gi{Rmr\^{Gm)) C .B^, we have g[Rm^^{Gm)) C 
gn o ■ ■ ■ o g2{B^) C S^. If g is a (3 — m, m)-form, then since gi preserves 
Rmf^^{Gm), we have 5r(/?mnO(Gm)) = gn° ■ ■ ■ ° g2{Rm^^{Grn)), which is 
contained in B'^ by the argument above for (3 — m, 3 — m)-forms. Finally if g 
is an (m, A;)-form, then gn-i°- ■ -ogi is a (3— m, A;)-form with A; = 3—m or k = 
m. Then, as was discussed above, we have gn-i°- • • ° giiRm^^{Gm)) C B!^, 
and g^RmD^iGm)) C gn{B^), which is contained in the complement of Rm 
by definition. Thus we have shown that g(Rm H 0,{Gm)) H Rm H Q,{Gm) = O 
for any g £ G — Gm- D 

By these three claims, we have shown that Q{G)/G = {Ri nO,{Gi))/Gi U 
(i?2 n Q(G2))/G2- Now we consider the intersection of the two terms in the 
right hand side. We should first note that {Ri D n{Gi)) D {R2 D n{G2)) is 
contained in i?2n-Bi = S since Ri is contained in B2, and R2 is in Bi. Since 
^{Gm) r\S = r2( J) n 5 C Rm n the intersection is equal to Q{J) n S. 

Furthermore since S" is a (J, Gm)-block, $7(J) n S projects to {^{J) Ci S)/ J 
in {Rm n n{Gm))/Gm- Therefore {Ri D n{Gi))/Gi and {R2 n n{G2))/G2 
are pasted along {S n Vl{J))/J. □ 

In the following, we assume further that each Bm is precisely invariant 
under J in Gm- 

Proof of (9). Let x be a parabolic fixed point of J. Such a point x is con- 
tained in S by Lemma l4.1l -(2). Since each Bm is precisely invariant under 
J in Gm by our assumption, we have Stabj(rE) = StabG„(x), which is also 
equal to '^iabcix) by Lemma WM Let denote Stabj(a;). 
The "if part. Suppose that B m, is a strong {J, G'm)"block for each m — 
1, 2. There is nothing to prove if the rank of H is n, for the rank of StabG'(x) 
is also n then. Now assume that the rank oi H \s k < n. By conjugation, 
we may assume that x = 00. By Theorem 12.101 we can assume that each 
g £ H is expressed as g{x) = Ax + a for a G and an orthogonal matrix 
A preserving the subspaces M'^ and M"~'^. 

Since both Bi and B2 are assumed to be strong and Stabc^ {00) = Stab^a {00), 
there is a common peak domain ?7 at 00 for Gi and G2. Since U Ci (A(Gi) U 
A(G2)) = 0, by choosing U small enough, we may assume that U \ {00} c 
n 0(^2), where "means the closure on M". We can assume that U 
has a form U = {x & i?" : Yl^=k+i > ^^}' where i is a sufficiently large 
positive number. 

Claim 10. We can choose U small enough to satisfy U <Z Ci. 

Proof of Claim. We divide our discussions into two cases. 
Case 1 The case when k = n — 1. 
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In this case, U is the union of two components Ui and U2, and we may 
assmne that Um C B'^ by om' assumption that Bm is a strong block. We 
have only to prove that we can choose Ui small enough in such a way that 
every G2-translate of B2 is disjoint from Ui. We may assume that Ui = 
{x G M" : x„ > t}. Suppose, seeking a contradiction, that such a C/i does 
not exist. Then, there is a sequence {gfc(i?2)} of distinct G2-translates of 
B2 intersecting {x G M" : x„ > s} for any large s. This means that the 
projections of gk{B2) to the n-th coordinate M accumulate at 00. We may 
assume that gk £ G2 — J since J fixes -62- 

Now Lemma I^Tl fT) implies that diam((7fc(i?2)) — *■ with respect to the 
ordinary spherical metric. It follows that gk{y) 00 for all y G B2 since 
{gkiB2)} accumulates at 00. By Lemma [2.3| by taking a subsequence of 
{gk}: we may assume that gk{y) 00 for all y with at most one exception, 
which must be a limit point. 

Since U2 \ {00} is contained in 17(^2), for all y & O2 \ {00}, we have 
9k{y) 00. Since gk{U2) n {7 = 0, it follows that the projections of gk{U2) 
to the n-th coordinate are bounded. Hence the projections of gk{U2\oo) to 
the first n — 1 coordinates W^~^ accumulate at 00. By Theorem 12.101 
each gk, we can choose an element jk G H such that {jkgkivo)} lies in a 
bounded set for a fixed yo £ ^2- For each k, we have 00 ^ gk{B2) since 
B2 was assumed to be precisely invariant under J in G2 and 00 lies on 5. 
Therefore, we have 00 ^ jkgk{B2). Since \{jkgk{y))n\ = \{gk{y))n\ and the 
projections of the gk{B2) to the n-th coordinate M accumulate at 00, we 
see that {jkgk[B2)} also accumulates at 00. By Lemma ST]- (7), this implies 
that jkgk{y) 00 for all y G -62- This is a contradiction since {jkgk{yo)} 
stays in a compact set. This proves our claim for the case when k = n — 1. 

Case 2 The case when A; < n — 1. 

Since U is connected and is disjoint from S, we see that U lies in either 
B^ or B2- We may assume that U C B°. Then, by the same argument as 
in the proof of Case 1, we see that the projections of G2-translates of B2 
in the last n — k coordinates cannot accumulate at 00. Therefore, we have 

[/ c Ci n Bi. 

The claim has thus been proved. □ 

Now we return to the proof of the "if part of (9). Take a small common 
peak domain U for both Gi and G2 as in Claim [TOl By assumption, U 
is precisely invariant under H in both Gi and G2. We need to show it is 
precisely invariant under StabG(x) in G. 

For any g G G - (Gi U G2), we have g{U) = g{Ui) U g{U2) C g{Gi n B^) U 
g{Cif\B2)., where f7i, U2 are the components of C/ if A; = n — 1, and we regard 
one of them as the emptyset when k < n—1. Suppose that g is expressed as a 
(1, l)-form (jr„o- • -0(^1. As was shown in Lemma l2.6|, a„o- ■ -oqi (Ci riBI) C -62- 
Furthermore, we have gnO- • -ogi^GinBl) C g„o- • -ogi^Bi) C T° C T^. On 
the other hand, g^o ■ ■ ■ o 51 (Ci Pi B2) d gn° ■ ■ ■ ° 52(^1 n B2) by Lemma [48l 
Then applying the same argument for Ci n we see that g„ o • • • o (72 (Ci n 
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B^) C r^". Thus we have shown that g{Ci n B^) U g{Ci r\B^)(ZB^r\ for 
g expressed as a (1, l)-form. A similar argument works also for (l,2)-form. 
Also, we can see by the same argument that if g is expressed as a 2-form, 
then giU) = g{Ui) U 5(^/2) C g{Ci n B°^) U g{Ci n B°^) C Bl n 

Since U , which is disjoint from S from the beginning, is taken to be lie 
inside Ci, it follows that U is precisely invariant under in G in the case 
when k < n — 1. 

This completes the proof of the "if part. 
The "only if part. Let x be a parabolic fixed point of J such that 
Stabj(x) has rank less than n. This point x must lie on S since A(J) C S. 
Since we are assuming that 5 is a strong (J, G)-block, there is a peak domain 
U for G, which is also a peak domain for both Gi and G2. Since we already 
know that Bm is a ( J, Gm)-block, this shows that Bm is a strong {J,Gm)- 
block. □ 



Proof of (10). Since we are assuming both Bi and B2 are strong blocks, by 
(9), S is a strong (J, G)-block. Let x be a limit point of G which is not a 
translate of a limit point of either Gi or G2. By Lemma |4.9| we see that x 
is contained in T. Furthermore, by Lemma 14.10^ there is a sequence {hk} of 
distinct elements of G such that x € • • • hk{B) C • • • C hi{B) for B which is 
either Bi or B2- We can assume that B = Bi and hi = id by interchanging 
the indices and replacing g{B2) with Bi for (7 G G2 if necessary. Then S 
separates h'^^{S) from h^^{x). 

Since J is geometrically finite, by Proposition 12.161 there are a Dirich- 
let domain P and standard parabolic regions -Bp^ , . . . Bpi_ such that P \ 
Uj{lntBp. U {pj}) is compact. Since P is a Dirichlet domain, the interior of 
D = P D is a fundamental domain for J. Since /i^^(x) S Q{J) for each 
k, there is an element jk G J such that jk o h^^{x) G D. We denote j'/c o h'^^ 
by 4. 

We claim that {hix)} stays away from S. Suppose, on the contrary, that 
hix) w G S. Then, by Lemma [4.71 w is a parabolic fixed point of J, 
where the rank of Stabj(i/;) is less than k since D intersects A(J) only at 
the Pj . 

This means that all the /fc(x) lie in some Bp. if we take a subsequence, 
where pj = w. By the proof of (9), we can assume that the interior of 
Bp. n M", which is denoted by Up^, is also a peak domain for G. Hence we 
may assume that Upj \ {pj} is contained in i}{G). On the other hand, since 
X lies in A{G), we have lk{x) E A(G), which is a contradiction. 

Therefore, there is 5 > such that d{lk{x),z) > 5 for all z £ S, where d 
denotes the ordinary spherical metric on M". Since S separates /i^^(x) from 
h^^{S), we see that for all z on 5 we have 6 < d{lk{x),z) < d{lk{x),lk{z)). 
On the other hand, since hk{S) nest around x, we see that for any point y 
on S, the points l^^iu) converge to x. We can now apply Proposition 12.121 
to conclude that x is a conical limit point. □ 
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Proof of (11). We first assume that Gi and G2 are geometrically finite. 
Then every parabolic fixed point of Gm is a parabolic vertex by Proposition 
12.131 Therefore Bi and B2 are both strong blocks. By (9), this implies that 
S* is a strong (J, G)-block. 

Let a; be a point on A{G). What we have to show is that x is either a 
parabolic vertex or a conical limit point, for this proves that G is geomet- 
rically finite by Proposition 12.131 Suppose first that x is a parabolic fixed 
point, where the rank k of H = StabG(x) is less than n. We shall show that 
j; is a parabolic vertex then. Since x is a parabolic fixed point, it cannot 
be a conical limit point. Hence by (10), x is a translate of a limit point of 
either Gi or 6*2. 

By interchanging the indices and translating x by elements of G, we may 
assume that x lies in A(Gi). Since Gi is assumed to be geometrically finite, 
X is a parabolic vertex or a conical limit point for Gi by Proposition 12.131 
If X is a conical limit point for Gi, then so is it for G, which contradicts 
the assumption that x is a parabolic fixed point. Therefore, x is a parabolic 
vertex for Gi. Suppose first that x lies on Gi{S). Then there is an element 
7 G Gi such that 7~^(x) lies on S. Since x is not a conical limit point for Gi, 
neither is 7~^(x). This also implies that 7~^(x) is not a conical limit point 
for J either. Since J is geometrically finite, again by Proposition 12.131 we 
see that 7~^(x) is a parabolic vertex for J. Since 5 is a strong (J, G)-block, 
it follows that 7~^(x) is a parabolic vertex also for G, hence so is x. Thus 
we are done for this case. 

Suppose next that x does not lie on any Gi-translate of S. We shall show 
that X is a parabolic vertex for G even in this case. Since Gi (BI) C Q{Gi) by 
Lemma [4.H -(3) and x is a parabolic vertex of Gi, we have x G B2DG1. Since 
B2 n Ci is precisely invariant under Gi in G by Lemma l4.8t H = StabG'(x) 
must be contained in Gi. This implies that H = StabGi(2;). Since x is 
a parabolic vertex for Gi, there is a peak domain U at x for Gi. Since 
U n A(Gi) = and x € -B2 n Gi, by choosing U to be sufficiently smah, 
we can assume that U \ {x} C 0,{Gi) and U C -62- By conjugating G by 
an element of M(]R"), we may assume that x = 00 and U is in the form 
U = {x £ R"^ : Er=fc+i > t}, for some t > 0. By Theorem EIOl for any 
g G StabG'(oo), we have an expression g{x) = Ax + a, for a G M'^ and an 
orthogonal matrix A preserving the subspaces M'^ and W^~^. Now we shall 
show the following. 

Claim 11. The projections of Gi-translates of Bi to the last n — k coordi- 
nates M""'^ are bounded away from 00. 

Proof. Since U is contained in B2, the last n — k coordinates of its com- 
plement Bi are bounded away from 00. Moreover since X^ILfc+i ~ 
Y17=k+i fo^ 9 ^ H, hy taking t sufficiently large, we know that 
g{Bi) nU = 9. This means that the projections of /f-translates of Bi to 
the last n — k coordinates of M"^'^ are bounded away from 00. 
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Now we consider general translates by elements of Gi. Suppose, seeking 
a contradiction, that there is a sequence {gk{Bi)} of distinct Gi-translates 
of Bi whose projections to W^~^ go to oo. Since J stabilises we see that 
gk£Gi-{HVJj). 

On the other hand, since [/ is a peak domain for Gi, it is precisely in- 
variant under H va Gi. Take a point yo hi U. Since gkiuo) is disjoint from 
U, the last n — k coordinates of gkiuo) are bounded as A; — > oo. Since H 
acts on the first /c-coordinates cocompactly, we can choose jk G H such that 
jk9k{yo) stays in a bounded set. 

Since jk lies in H, we have YA=k+iijk{x))f = YA=k+ii^)i- Therefore the 
projections oi jkgk{Bi) to M"~^' also go to oo. Now Lemma l4.H -(7) implies 
that jkQkiy) oo for all y £ Bi. By Lemma [231 we see that, by choosing a 
subsequence if necessary, we may assume that ikSkiv) for all y except 

for at most one point which is contained in the limit set of Gi. Since yo is 
contained in U C ^}{Gi), we have in particular that jkgkiuo) ~^ oo. This is 
a contradiction. □ 

Our claim shows that U can be taken to be disjoint from Ti. Therefore, 
we have U C Ci Ci B2. Since Ci H B2 is precisely invariant under Gi in G, 
for any g £ G — Gi, g{U) n C/ = 0. Therefore, C/ is a peak domain at x of G, 
which means that x is a parabolic vertex for G. Thus we have proved that 
all parabolic fixed points of G are parabolic vertices. 

Next assume that x is a limit point of G which is not a parabolic fixed 
point. Suppose that x is a translate of a limit point y of Gm- Since y is not 
a parabolic fixed point and Gm is geometrically finite, by Proposition 12.131 
y is a conical limit point of Gm, hence also for G. If x is not a translate of 
a limit point of either Gi or G2, then by (10), it is a conical limit point for 
G. Thus we have shown that any non-parabolic limit point of G is a conical 
limit point, and completed the proof of the "if part. 

We shall now turn to show the "only if part. Assume that G is geomet- 
rically finite. Then S is a strong (J, G)-block. This implies that Bm is a 
strong (J, Gm)-block for m = 1, 2 by (9). 

Let X be a parabolic fixed point of Gi. We assume that the rank of 
Stabci {x) is k < n, and shall prove that there is a peak domain at x for Gi . 
Since B^ is contained in Q{Gi) by Lemma l4. II - (3). x cannot lie in Gi{B'^). 
Therefore, x lies in either Gi(5) or i?2 n Gi. If x € Gi(5), then, since Bi is 
a strong (J, Gi)-block and J is geometrically finite, there is a peak domain 
at X for Gi, and we are done. If x £ B2 Ci Gi, then StabG'(x) = StabGi(a;) 
since B2 D Gi is precisely invariant under Gi in G by Lemma 14.81 Therefore 
StabG(a^) has rank A; < n in particular. Since G is geometrically finite, there 
is a peak domain U at x for G, which is also a peak domain for Gi. 

Now let X be a limit point of Gi which is not a parabolic fixed point of 
Gi . We shall show that x is a conical limit point of Gi . Again we have only 
to consider the cases when x G Gi{S) and when x e i?2 Gi. If x G Gi(5), 
then there are a point y lying on S and g £ Gi such that x = gi{y)- Since y 
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lies on A(J) by Lemma l4.H -(2). and J is geometrically finite, it is a conical 
limit point for J by Proposition 12. 131 This implies that x is a conical limit 
point for Gi, and we are done in this case. 

Suppose now that x £ B2 Ci Ci. Since B2 n Ci is precisely invariant 
under Gi, we have StabG'(a;) = StabGi(2;). Therefore x is not a parabolic 
fixed point of G either. Since G was assumed to be geometrically finite, x 
is a conical limit point for G by Proposition 12.131 It follows from Propo- 
sition 12.121 that there is a sequence {hk} of distinct elements of G such 
that d{hk{z), hk{x)) is bounded away from zero for all z G and 
^fe^(-^o) X for some zq E EI"+-^. 

Claim 12. All the hk{S) are distinct passing to a subsequence if necessary. 

Proof. Recall that we assumed that S is precisely invariant under J in both 
Gi and G2. Therefore, S is precisely invariant under J in G by Lemma [4.41 
Now, suppose, seeking a contradiction, that all the hf^{S) are the same 
after passing to a subsequence. Then h^^ ohk[S) = S for every k. Therefore 
for each k, there is an element G J such that = hi o j^, with ji = id. 
Since are distinct elements of G, all jk are distinct and by Lemma 12.31 
and the fact that d{hk{z),hk{x)) is bounded away from for all x / z, 
we may assume that there are two distinct points x\z' such that h].{z) = 
hiojk{z) z' for all z G M^yjx} and /ife(x) = hi ojfc(x) x' . This implies 
that jk{z) h^^{z') for all z € M"\{x} and jfc(x) — > /ij~"^(x'). Since z' / x' 
and i^^(^o) ~^ ^1 where z'q = /ij~^(zo) S H""'"^, it follows that x is a conical 
limit point of J by Proposition 12.121 Since we assumed that x G Ci n i?2) 
we have x ^ A(J). This is a contradiction and we have completed the proof 



Claim 13. By taking a subsequence we can assume hk > for all k. 

Proof. Suppose, on the contrary, that hk < for all k after passing to a 
subsequence. Since all hk{S) are distinct, the hk belong to distinct cosets of 
J in G. By (5), we have diam{hk{S)) — > 0. Since we assumed hk < 0, the 
set hk{B2) cannot contain S inside, hence is contained in the smaller part 
of M"" \ hk{S). Therefore, we have diam(/ifc(i?2)) — ^ 0. Recall that we are 
considering the case when x G i?2'^Ci. Therefore, we have d{hk{z), hk{x)) — > 
for all z G B2. This contradicts the fact that d{hk{z),hk{x)) is bounded 
away from for z G \ {x}. Thus we have completed the proof of Claim 



Now we return to the proof of (11). Note that we have only to consider 
the case when hk is not contained in Gi, for otherwise x is a conical limit 
point of Gi by Proposition I2.12[ Therefore, we can assume that \hk\ > 1. 
Express hk in a normal form hk = 7fc; o • • • o jki- Set gk = hk o Then 
Qk is negative. 

First consider the case when gk = gojk foi" some g £ G with some jk G J. 
Th.end{hkiz),hkix)) = d{gojkO'^ki{z),gojk01ki{x)). By LemmaE^l we may 



of Claim [El 



□ 



□ 
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assume that there are two distinct points x', z' such that g°ik°lkx {.^) ~^ ^' foi' 
ah 2; G M" \ {x} and gojk °lki [x] —>■ x'. It fohows that jk o^ki (z) —>■ g~^{z') 
for all z E \ {x}, jk o 7a:i(x) Q'^ix') and (j fc Q 'Ik )^^ jg'^ (zq)) x, 
where g~^{zQ) S IH"'^^. It follows from Proposition 12.121 that x is a conical 
limit point of Gi. 

Suppose next that gk is not expressed as g o jf.. Then by Claim [121 
gk{S) are all distinct. Applying the proof of Claim [13] to gk, we see that 
diam(5(fc(i?2)) ^ 0. Now, Qi = Gi{Bl) is invariant under Gi, hence so is its 
complement It follows that hk{Ri) = gk{Ri)- Since i?i is contained in 
B2, we have diam(/ifc(i?i)) = diam((7fc(i?i)) 0. By the same argument as 
in the proof of Claim [13] and the fact that S C Ri, this is a contradiction. 
Thus we have completed the proof of (11). □ 

Remark 4.1. The condition that (i?°,i?2) is a proper interactive pair in 
Theorem 14.21 is necessary, as the following example shows. 

Example 4.1. Set 

-^=^{1 1)' (-1 J)^' ^'^(0 -0' ^'^(^ 0) 

and 

Gi = (J,<7i), G2 = (J,52). 
We use the following symbols: 



5 = {x G : X2 = 0}, Bi = {x gR^ : X2 < 0} and B2 = {x £ : X2 > 

Then the following hold. 

(1) J is geometrically finite. 

(2) S = A(J) = A(Gi) = A(G2). 

(3) Gi = JU giJ and G2 = J U 52^- 

(4) Each B m is a [J, (j'm)-block for m — 1,2. 

(5) (i?^,i?2) is an interactive pair, but {B°,B2) is not proper. 

(6) G^Gi*jG2. 

The assertion (1) is obvious since J is a finitely generated Fuchsian group. 
P 

To prove (2), set w = -, where p and r are integers and r ^ 0, and j = 

r 

1 — pv p^ \ 

2 I . Then j E J is a parabolic element having w as its 



r \+pr 

fixed point. Therefore, every rational number is a parabolic fixed point of 
J. Now (2) follows from Lemma 5.3.3 in [8]. The proofs of (3), (4) and (5) 
are trivial. We can verify (6) by checking that for a (1, 2)-form gig2gig2, we 
have $(51 5251 52) = id. 
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5. Applications 

Following [30] or [31], we denote by PSL(2, r„) the n-dimensional Clifford 
matrix group. Then PSL(2,Tn) is isomorphic to M(M") (cf. 

Example 5.1. Let n > 4, and set 

V ^1^2 y V ^n-i J V ^e„-i J 

We also set 

J =< i >, Gi =< j, gi > and G2 =< j, 92 > ■ 

Since J is a finite group, it is geometrically finite. Set S = {x £ M" : 
|x| = \/2}, Si = {x G 1" : \x\ > V^} and = {x G M" : |x| < ^/2}. 
Obviously, Gm = {id, j, gm, jOm} is geometrically finite for m = 1,2. Set 
X = xq + xici + • • • + x„_ie„__i + x^en G IHI"+^. Then we have Fix(j) = 
{x G EI"+i U R" : xi = X2 = 0} U {00}, Fix(gi) = {x G ]H"+i U : |x| = 
1 and Xn-i = 0}, Fix(g2) = {x G U M" : |x| = 2 and x„_i = 0} 

and Y\yi[jgm) = {x G H""*"-^ U M" : |x| = m and xi = X2 = x„_i = 
0}, where h denotes the Poincare extension of /i G M(]R") in B"'''-^ and 
Fix(/i) = {x G B""*"^ : /i(x) = x}. Therefore for each m {m = 1,2), 
Fix(j5r„) = Fix(i) n Fix(5;;). 

We put a = ei + en- It is obvious that a is not fixed by any nontrivial 
element in either Gi or G2. For any non-trivial element h G M(]R"), if we 
set Hh = {x £ E["+i : 4(x,a) < 4(x,/ia)}, then Hj = {x G EI"+i : 

> 0}, Hg^ = {x G ]H"+i : |x| > 1}, Hjg^ = {x G ]H"+i : |x + 2ei| > 
Hg,, = {x G M"+i : |x| < 2}, and Hjg^ = {x G EI"+i : |x - 4ei| < 

2x/5}. 

For each m (m = 1, 2), set Pm = HjCiHg^nHjg^. Then Pm is the closure 
of the Dirichlet fundamental polyhedron centered at a for Gm in H""*"^ (cf. 
[M]) and Pm = Hj n i^g^. We consider Di = {x G M" : xi > 0, |x| > 
1} \ ({x G : |x| = 1 and x„_i < 0} U {x G M" : xi = 0,X2 < 0}), 
D2 = {x £ W : xi > 0, |x| < 2} \ ({x G : |x| = 2 and x„_i < 
0} U {x G M" : xi = 0,X2 < 0}). 

It is easy to see that for each m (m = 1,2), Bm is a (J, Gm)-block and 
precisely invariant under J in Gm , that Dm is a fundamental set for Gm with 
J{Dm n Bm) = BmCi °f^(J), that {Dm Ci B3_m)° + 0, and that Di n 5 = 
L'2n5. Since {B\,B'^ is a proper interactive pair, < Gi, G2 >= Gi*jG2- It 
is obvious that Gi and G2 are geometrically finite. It follows from Theorem 
14.21 that G is also geometrically finite. 

In this example, the amalgamated free product Gi *j G2 is elementary. 
The following two examples give non-elementary groups. 
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Example 5.2. Suppose that n > 3 and let j, J be the same as in Example 
EH We set 

51 = ( 2 l) ^2 = ( J ' 

Gi =< j, gi >, Ga =< J, 92 >, and 5 = {x G : |x| = 2}, = {x G M" : 
kl > 2}, ^2 = {a; G M" : |x| < 2}. 

We define two domains by Di = {x G : xi > 0, |x+ — | > — , |x — | > 

1 —5 

-} \ {x G : xi = 0, X2 < 0} and Z?2 = {2; G M" : xi > 0, — < xq < 

5 

— } \ {x G M" : xi = 0, X2 < 0}. Then the discussion similar to the one in 
Example 15.11 shows that for each m [m = 1, 2), 

(1) Bj^ is a (J, Gm)-block and precisely invariant under J in G„i', 

(2) Dm is a fundamental set for Gm satisfying that J{D„i H Bm) = 
B^n°0(J); 

(3) (i?5',i?2) is a proper interactive pair; 

(4) {Dm n B3-m)° 7^ 0; and 

(5) Di n 5 = L>2 n 5. 

Theorem 14.21 implies that 

(1) G=<Gi,G2 >=Gi*jG2; 

(2) G is geometrically finite since both Gi and G2 are geometrically 
finite. 

Example 5.3. Suppose that n > 5, and let j, J be the same as in Example 
O We set 

51 = ( ? ) 52 = ( J ^'"f ^ ) , 

and Gi =< j,c/i >, G2 =< i,52 >• We define S,B_i,B2 by 5 = {x G : 
|x| = 2}, Si = {x G : |x| > 2}, and S2 = {x G M" : |x| < 2}. 

^3 

We define two domains Di,D2 by Di = {x G M" : xi > 0, |x H 1 > 

1 6'^ 1 

-, |x - yl > -} \ {x G M" : xi = 0,X2 < 0} and L»2 = G : xi > 

0, -| < Xn_i < |} \ {x G M" : xi = 0, X2 < 0}. Then we again have the 
following. 

(1) Bfn is a (J, Gm)-block and precisely invariant under J in Gm] 

(2) Dm is a fundamental set for Gm satisfying that J{Dm H Bm) = 

Bmr^°n{J)■ 

(3) (i?°,i?2) is a proper interactive pair; 

(4) (Z)™ n B3-m)° ^ 0; 

(5) Dir\S = D2r^S. 

Therfore, Theorem 14.21 implies that 
(1) G =< Gi, G2 >= Gi *j G2; and 
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(2) G is geometrically finite since both Gi and G2 are geometrically 
finite. 
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